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CHAPTER  i 


INTRODUCTION 


In  one  of  the  Air  Force  Cambridge  Research  Laboratories  programs  to 
study  the  ionosphere,  satellite  experiments  with  wire  booms  have  been 
devised  to  measure  and  model  the  earth's  ambient  electric  field.  The 
wire  booms  serve  as  sensors,  an  electric  field  being  induced  in  them  as 
the  satellite  traverses  the  earth's  magnetic  field  in  its  orbit.  A signal 
proportional  to  the  unknown  ambient  electric  field  is  also  summed  in 
vectorially  in  the  measurement: 

E = (VxB).R-tE  . R 

measurement  — — — —ambient  — 


where  V is  the  orbital  velocity  of  the  sensor  of  satellite  with  respect  to 
the  magnetic  field  JB,  and  R is  the  sensor  position  vector. 

In  order  to  extend  the  wire  booms  properly  and  to  maintain  a stable  orien- 
tation for  the  experiment,  a spin  is  imparted  to  the  satellite.  The  vector 
equation  above  still  holds  at  every  instant,  and  the  desired  ambient  field 
may  be  calculated  provided  the  wire  boom  lengths  and  orientations  are 
known  as  a function  of  time.  Attitude  sensors  on  the  spacecraft  provide 
information  about  the  average  motion  of  the  vehicle,  but  the  superimposed 
perturbations  and  the  orientation  of  the  booms  themselves  are  less  readily 
resolved. 

This  report  addresses  this  problem  by  developing  analytical  and  simulated 
models  of  the  satellite  and  wire  boom  dynamics.  Experimental  observations 
may  thereby  be  correlated  with  expected  behavior  during  the  data  reduction 
and  evaluation  phase.  Control  information  during  operational  conditions 
is  also  derivable  for  decisions  such  as  extent  and  times  of  boom  retraction 
or  deployment.  Earlier  works  on  different  spacecrafts  have  reported  on 
studies  of  electric  field  and  ion  measurement  as  a function  of  sensor  and 
vehicle  attitude  [4,  1 5 ]. 

This  study  is  initially  intended  to  support  the  research  experiment  CRL-22e 
on  satellite  1975,  to  be  conducted  by  the  Electrical  Processes  Branch  of 
AFCRL's  Space  Physics  Laboratory,  for  the  global  measurement  of  electric 
fields  in  the  ionospheric  region.  Feasibility  studies,  mass  properties, 
and  design  of  1975  have  been  reported  by  Boeing  [ 1,  2 ]. 

The  satellite  has  a relatively  heavy  hub  (490.9  lb)  with  a shape  resembling  a 
rectangular  box,  with  several  sensors  on  rigid  or  flexible  booms.  Four  of 
the  booms  are  flexible,  each  carrying  a tip  mass  (2  lb),  and  are  deployable 
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pairwise.  An  opposite  pair  of  booms  would  have  unequal  lengths  only  as 
a very  unlikely  event.  A wobble  damper  in  designed  to  reduce  as  much  as 
possible  any  out-of-plane  motion,  and  a Coulomb  damper  is  also  built  in  to 
damp  excessive  in-plane  boom  oscillation.  The  hub  spin  is  usually  about 
three  RPM.  Ihe  mechanisms  of  deployment  of  booms  and  spinning  of  satellite 
are  controllable  from  the  ground.  More  details  on  engineering  aspects  are 
given  in  Chapter  8. 

A substantial  flow  of  analyses  hag  covered  various  aspects  of  satellite- 
boom  dynamics  in  the  last  decade.  Examples  are  a study  of  spin  dynamics 
to  determine  stresses  in  rigid  booms  [ 8 ],  and  a study  of  maximum 
nutation-precession  angles,  bending  moments,  and  deflections  due  to 
boom  deployment  [ 5 ].  In  contrast,  this  study  emphasizes  the  deploy- 
able taut  wire  booms,  and  attempts  to  predict  mode  frequencies,  damping, 
satellite  spin,  and  boom  deflections.  Nutation-precession  is  assumed  to 
be  minimized  due  to  the  wobble  damper. 

The  dynamics  of  the  1975  satellite  system  are  composed  of  a variety  of 
modes:  coupled  vehicle-boom  oscillations,  boom  vibrations,  translation, 
and  precession  about  the  equilibrium  position,  in  addition  to  orbital  motion 
and  self- spinning.  Effects  of  aerodynamics  are  small  at  the  altitude  of  the 
satellite  orbit  (see  Chapter  8).  Boom  vibrations  have  been  determined  to 
be  insignificant  compared  to  the  pendulum  type  coupled  hub-boom  oscillations 
[ 17  ].  Solar  radiation  induced  oscillations  and  bending  of  wire  booms  is  con- 
sidered to  be  insignificant  for  thin  wires,  even  though  this  solar  effect  has  been 
experienced  before  in  spacecrafts  with  tubular  cables  of  lengths  of  the  order 
of  a kilometer  [ 6,  9 ].  Earth's  gravitational  gradient  induced  oscillations 
are  also  negligible  in  view  of  the  short  boom  lengths  (0  to  60  ft.  ) [ 7 ].  In 
practice,  the  signal  measured  in  the  wire  booms  will  be  affected  by  a number 
of  other  factors  such  as  shadow  effects,  satellite  wake  effects,  vehicle  po- 
tential, and  instrumentation  effects.  A systematic  isolation  of  these  factors 
is  part  of  the  data  reduction  and  evaluation  logic,  and  is  outside  the  scope 
of  tins  report. 

Ihis  theoretical  analysis  includes  the  formulae  on,  derivation,  and  computation 
of  all  mode  characteristics  of  coupled  hub-boom  dynamics.  The  computer 
programs  written  are  capable  of  generating  digital  simulations  of  time- 
dependent  dynamical  behavior  of  the  satellite  system  under  different  ex- 
perimental condition.  Schematically,  this  work  is  summarised  in  t'  flow 
chart  in  Figure  i. 
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Transient  response  of  the  system  and  insight  into  instabilities  and  dynamical 
damping  properties  are  derived  using  Laplace  transform  techniques  on  a 
linearized  set  of  equations  of  motion.  This  preliminary  study  is  restricted 
to  the  simpler  symmetrical  coupled  or  uncoupled  cases,  and  is  covered  in 
Chapter  2. 

For  satellite  system  dynamics  in  the  spin  plane,  with  taut  wire-booms, 
seven  degrees  of  freedom  exist  viz.  hub  spin  rate,  hub  X and  Y translations, 
and  angular  deviation  of  each  wire  boom  from  its  normal  radial  direction. 
Deployment  of  each  boom  is  specified.  The  complete  Lagrangian  equations 
of  motion  are  developed  for  this  system  in  Chapter  3,  and  result  in  seven 
non-linear  second  order  coupled  differential  equations.  A complete  computer 
solution  of  these  equations  including  special  damper  actions,  arbitrary 
deflection  amplitudes,  and  deployment/retraction  of  wire  booms  was  im- 
plemented and  is  described  in  Chapter  10,  the  section  on  program  docu- 
mentation. Characteristic  frequencies  are  obtained  by  Fast  Fourier  Trans- 
form of  the  dynamic  responses  as  a function  of  time. 

In  general,  it  is  desirable  to  estimate  all  mode  characteristics  without 
resorting  to  the  solution  and  Fourier  analysis  of  the  complete  Lagrangian 
equations.  Further,  in-plane/out-of-plane  interacting  dynamical  equations 
become  algebraically  too  complicated  and  are  not  attempted.  Instead,  eigen- 
value techniques  and  orthonormal  matrix  transformations  are  used  to  de- 
rive all  the  mode  characteristics,  both  in  and  normal  to  the  hub  spin  plane. 
Matrices  are  of  size  14x14  corresponding  to  the  total  number  of  degrees  of 
freedom  of  the  system,  however  assuming  minimal  in-plane/out-of-plane 
interaction,  they  are  decomposed  into  two  sets  of  7x7  matrices. 

The  in-plane  analytic  solution  is  carried  out  in  Chapter  4.  In  terms  of  the 
deviations  Tl.  in  generalized  coordinates  qj  where  q^  = qQ.  + qj  , the 
kinetic  energy  T and  potential  energy  V are  expanded  in  Taylor  series. 

For  harmonic  motions  about  the  equilibrium  configurations,  terms  of 
third  and  higher  order  in  do  not  contribute.  As  a result,  the  Lagrangian 
is  given  by 


L = 


1 2 

2 i.  j 


( T. 


q. 

) 


v..  q. 

ij  i 


Ti.  ) 

j 


where  the  dot  denotes  time  derivatives, 
following  equations  of  motion: 


The  Lagrangian  leads  to  the 


L.  T..  n. 
J >J  J 


+ 2.  V . Tl.  - 0 

J iJ  J 


1 1 


--t,— « ..—•i.  >)»■'■  ir~  *TT  ’ '■ 


For  nontrivial  harmonic  motion  to  exist,  the  secular  determinantal 
condition  must  be  satisfied: 


det 


V..  - w T.. 
ij  ij 


0 


which  yields  the  eigenvalues  , and  the  eigen  functions. 

Alternately,  a new  set  of  coordinates  , so  called  normal  coordinates, 
can  be  sought  as  in  Chapters  5-7  such  that 


n.  = ? b.. 

1 J 1J  c 


and 


1 * 2 
T = ~ 2 L 

?•  j j 


1 v 2,2 

V = - ? H 

2 3 J 1 

This  is  an  algebraic  process  of  the  simultaneous  diagonalization  of  two 
quadratic  forms.  The  resulting  Lag rangian  becomes  simple  and  elegant: 

i .2  2 2 

L ’ 5 ? < b 'Vi  > 

2 

From  this  it  is  well  known  [ 11  ] that  to.  are  the  eigenvalues,  yielding  the 
desired  characteristic  frequencies. 


Chapter  5 covers  the  case  of  inplane  normal  coordinates  for  equal  boom 
lengths,  and  includes  translation.  Seven  eigenfrequencies  are  derived 
corresponding  to  the  seven  degrees  of  freedom.  The  symmetrical  cases 
that  exclude  translation,  and  for  boom  wire  mass  negligible  compared  to 
boom  tip  mass,  yield  the  familiar  results: 


to  - 


to  = 


to 


to 


(uncoupled) 


2 _i_  ( coupled) 


where  1^,  is  the  total  moment  of  inertia.  The  uncoupled  mode  is  triply  de- 
generate. The  trivial  modes  corresponding  to  pure  rotation  and  pure  trans 
lation  have  been  eliminated. 


Out-of-plane  normal  coordinates  are  considered  in  Chapter  6,  and  are 
limited  to  cases  of  equal  length  booms  and  negligible  interaction  with 
in-plane  frequencies.  There  are  again  seven  degrees  of  freedom 
leading  to  seven  modes,  three  of  which  - pure  rotation  and  pure  trans- 
lation - are  trivial. 

Each  of  the  normal  coordinates  is  a periodic  function  involving  only  one 

. The  frequencies  are  found  as: 


* 


Coupled  Modes 


Uncoupled  Saddle  Mode 


> Jelly-Fish  Mode 


These  frequencies,  together  with  the  seven  in-plane  ones,  comprise  a 
total  of  14  normal  mode  frequencies  of  the  entire  satellite-boom  sensor 
system. 

In  plane  oscillations  with  unequal  length  booms  completes  the  analytical 
work.  This  is  covered  in  Chapter  7,  again  with  the  xxse  of  normal  co- 
ordinates. Some  translation  of  the  hub  can  be  expected  for  all  unequal 
boom  length  cases,  unless  the  opposite  booms  are  symmetrically  de- 
ployed. Thus,  in  general,  four  distinct  nontrivial  exgenfrequencies 
can  be  found.  The  behavior  of  these  w-roots  are  revealed  by  plotting. 

Chapter  8 establishes  the  background  for  obtaining  the  physical  quan- 
tities of  the  satellite-boom  system  pertinent  to  this  dynamics  study. 

Chapter  9 presents  typical  results  and  plots.  A number  of  support 
programs  were  required,  but  the  main  programs  only  are  covered  in 
Chapter  10.  These  include  digital  simulation  of  the  satellite  dynamics  using 
the  complete  Lagrangian  equations  including  external  and  inherent  non- 
linearities;  the  subsequent  Fast  Fourier  Transform  to  obtain  characteristic 
frequencies;  and  a scheme  for  synthesizing  dynamic  response  from  normal 
modes  with  specified  initial  conditions.  Appendices  A through  H support 
various  derivations  in  the  text  of  the  analysis. 


of  the  resonance  frequencies  of  the  system 
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CHAPTER  2 


LINEARIZED  RESPONSE  OF  THE  SATELLITE- BO  DM  SYSTEM 


2.  1 Effect  of  Deployment  or  Retraction 

In  order  to  obtain  physical  insights  on  the  effects  or  deployment  or  retraction, 
it  is  useful  to  study  a simple  but  analytically  tractable  model:  the  one- 
boom  satellite  with  no  translation.  The  full-fiedged  coupled  four-boom 
vibrating-translating  satellite  will  be  studied  in  later  chapters.  Both  uncoupled 
and  coupled  modes  will  be  treated  in  this  chapter.  Laplace  transform 
techniques  will  be  employed  with  the  assumption  of  small  boom  lengtu 
variation,  i.  e. , r At/r  « 1. 


To  formulate  the  problem,  one  starts  by  writing  down  the  coordinates,  velocities, 
and  energies  of  the  hub,  tip  mass,  and  wire  boom  in  terms  of  inertial  co- 
ordinates. Then  a transformation  from  inertial  coordinates  to  corotating 
polar  coordinates  (r,  <£)  is  facilitated  by: 


£ + wQ  x £ 


The  Lagrangian  is  then  obtained,  from  which  all  the  dynamics  can  be  un- 
folded. 

The  Lagrangian  L of  the  one  boom  system  is 

3 3 

L = 2 o ^ + j (m  + pr)  r2  + ~ (mr2  +P“-)  <$> 2 + u>[  (mr2  +p-^— ) $ 


+ (m  + pr)  rQ  £ sin<|>  + (mr  + p— — .) 


rQ  cos 


♦ <t>  ] + 2 


U) 


2[|m,hp'3 


3 


14 


s«a^ycOT^y^ffr.i?a?^^  -‘'  'vP1' 


2 j*^  1 o 

+ (m  + pr)  r + 2(mr  + P— r—  ) r cos  $]  — ~ s 4> 

O £•  O C4 


(2-1) 


The  r equation  of  motion  gives  the  tension  on  the  boom  wire.  The  ($ 
equation  of  motion  is 


d _9L_  _ 9L 

dt  3 4>  9 4> 


- % * 


i n 


1.  e. 


t<  - 

X "• 

t ■ 

(mr2  +P— — ) V 

+ 2r  (mr 

+ P~~  ) 4.  + 

w[  (mr2  + P~ — ) + 

j 

\ 

l 

| 

fe 
% . 

r2 

(mr  +P~Y~  > r0 

cos  <p  ] + 

2 r^ 

w (mr  + p— — ) 

rQ  sin  4>  + 2u> « 

1 

i 

\ 

jv 

2 

I"" 

iV 

T 

.(mi  + p~  ) r 

II 

1 

♦** 
■&  • 

— s «J> 

(2-2) 

> 

; 

k 

f 

1 

i 

tte 

p- 


*• 

»■ 


In  the  i.imit  p— «*>0,  <{>  equation  becomes  simplified  to 


mr^  <|>  + 2mrr<J  + 0 [ mr  (r  + rQ)]  + 02  mr^<J>  + 2mrr9  + i + 
■f  3(J)  = 0 

where  sin  0 ~ <f>  and  cos  <J>  ~ 1 - 4>2/2  ~ 1 

The  0 - equation  of  motion  is 


9L 

96 


where 


d 

9L 

dt 

9§ 

9 L 

9 e 

9L 

96 

(mr 

= - s<|> 


(mr  + — ) rQ  cos  4>  <p 
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so  that 


V 


e = 


3 2 

[ (mr2  + p “ } + ( mr  + p ~ ) r cos  <J>  ] V 


_ * 

—2  [ (mr  + p -rjr  ) + m + pr)  rQ  cos  4>  ] r 4> 

T * J*2  fc  9 o 

— Ap  6 + (mr  + p — — ) rQ  sin  $ <j>  - p rQ  r4  sin  <(>  - s <|> 


For  small  amplitide  oscillation,  light  boom  wire,  and  small  spring  con- 
stant, the  last  three  terms  on  the  RHS  are  neglegible.  For  simplicity, 
we  keep  only  the  leading  terms: 

•«  1 r 2 r^  i ** 

8 = -r  [ (mr  + p — ) + ( mr  + p — ) r cos  <}>  J p 


*T 

2 


3 

2 


— — [ (mr  + p -^-)  + ( m + pr)  rQ  cos  4>  ] r <j>  - q 

^ Ip 


(2-3) 


Lim  0 = 
P—0 


mr  (r  + rQ)  ,, 

~ — 4> 

■*■  m 


2m  ( r + r ) r , Ip  , 

4,  - _L  e + 


*T 


where  the  first  term  on  the  RHS  is  entirely  due  to  boom  vibration, 
the  second  and  third  terms  are  functions  of  boom  deployment,  and  higher 
order  terms  are  neglected.  The  result  can  also  be  obtained  by  considering 
conservation  of  angular  momentum  of  the  whole  system. 

In  case  of  multiple  booms,  they  may  behave  in  such  a way  that  their  angular 
momenta  add  up  to  zero,  so  that  the  angular  momentum  of  each  boom  is  un- 
coupled to  that  of  the  hub:  we  call  such  a state  an  uncoupled  mode.  Thus, 


8 = oj 


jr_  , 


(uncoupled) 


and 


ill  A mr  (r  + r ) **  2m  (r  + r ) r ♦ 

6 = w - - — 6 -2-4>  - 2 4>  (coupled) 


h 


h 


where 


0 2 p ? 

1 = 2 [ (mr  + p-r-)  + rr-  rQ  + (m  + pr)  ro  cos  <J>  ] r 


r * 

- 2 (mr  + p— 2“  ) rQ  sin  4>  <j> 
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Lim  Xj,  = 2m  (r  + r )r  + ... 

p — ^0 

We  remark  that  in  the  N-boom  case  the  uncoupled  0 is  unchanged  be- 
cause the  angular  momenta  of  the  booms  cancel  each  other,  whereas 
the  coupled  § equation  is  obtained  by  assuming  m to  be  replaced  by 
Nm  because  all  <|>  1 s are  in  phase.  Hence,  provided  there  is  no  trans- 
lation, the  results  of  this  chapter  hold  for  multiple  boom  cases. 

2.  Z Forced  Oscillation  Equations 


Substituting  the  above  uncoupled  0 and  the  coupled  0 into  the  4>  - equation 
of  motion,  one  finds  equations  of  motion  in  variable  {>  with  0 eliminated. 


For  uncoupled  oscillation  mode,  one  finds: 

3 . r2 

$ (mr2  + p ) + 4>  2f  < mr  + p — ) 


r [ mr  + 


! 4 


P 2 r2  o 

— rQ  + ( m + pr  ) rQ  cos  J - (mr  + p ) rQ  sin  <{>  <f> 


+ p -j-  + ( mr  + p ) rQ  cos  p > + u (mr  + p — ) rQ  sin 


+ 2co  ( mr  + p ~~r~  ) r + k (i  + s ^ = 0 


For  small  <J>,  we  have  sin  p ~ cos  $ ~ 1,  <J>  ~ 0 so  that  the  above 

equation  becomes 

3 2 

<j)  ( mr2  + p ~~ ) + [ 2i*  ( mr  + p ) + k ] + 


p [ w2  ( mr  + p ) rQ  + s ] 


' g ^ 3 2 

-2wr  <(mr  + p ~ ) - r*  [ mr  + p~-  +(mr  + p~)rQ], 

( iT  2 u 

r2  ro  I 

. [mr+p—  + p—  + (m4pr)ro  ]> 


which  is  of  the  form: 


ij)  + 2 p<^  + - F (t) 
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This  is  an  equation  of  forced  oscillation,  in  which  ft  is  the  square  of 
the  natural  frequency,  2(3  is  the  damping  term,  and  F(t)  is  the  term  forcing 
the  oscillation. 


For  coupled  oscillation  mode,  0 elimination  gives  the  following  $ - 
equation  of  motion: 

( ? r3  mr  (r  4 rnl  T 2 , r3  , , , r2  , Hi 

<j>  | mrz  4 p - JL 2‘  J^mr  4 p -y-  + (mr  + p y ) rQ  cos  <J»  j 

, r2  , , , 2rm  (r  +r0  ) f 2 . r3  , 

+ <f>  < 2r  (mr  + py)  + k ~ — — |mr  4 p y 4 


(mr  + p ) rQ  cos  j + <j>  | oj2  (mr  + p -y  ) iq  + s| 

= —Zur  | mr  4-  p y*  - ~ [mr2  4 p y-  4 (mr  4 p -y  ) rj  . £ 


mr  4 


p 2 +p"r  + (m  + pr) 


which  is,  like  the  uncoupled  case,  of  the  form; 


4 2 |3  4 ft 


F (t) 


In  the  limit  of  heavy  hub,  ■ « , no  distinction  can  be  made  on  the 

coupled  from  the  uncoupled  case,  because  i / Xj,  terms  go  to  zero.  The 

forced  oscillation  equation  will  be  solved  analytically  later,  by  Laplace's 
transform  method. 


The  terms  ft  , j3,  and  F are  listed  below,  including  and  neglecting  wire  mass:- 


mcoupieu  case: 


•y  f 

wi'(  mr  4 p y-  ) rQ  4 s 


mr  4 
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y T";”,9|^™.^i?;  JffT^vf i-" 


{[  2r  (rm  + p r2/2  ) + k]  / (mr2  + p -—-) 
3 

k/  (mr2  + p ~—  ) 


t < t 


t > t 


-2wr 


(mr2  + p -^-  ) 


, r4  ir  ? 

mr  + p - — [ mr4  + 


(mr+pY“)ro  ] [ xr(r  + rQ  ) + p (r2  + rQ2  ) /2  + prrj 


Coupled  case 


2 * 

S22  = ( w ( mr  + p ^r—  ) r + s ) / A 


r4 

[ 2 r ( mr  + p — ) - 2 r m(r  + rQ  ) ( mr  + pr3/3  + (mr  +pr2/2  ) 

r0)/  Ip  3 / A + k/A  t < t 


t > T 


-2  wr 


m r + 


r2  i o r3  r2 

p—  --  [ mr  + p-j  + (mr+py)ro  ] 


[ m(r  + rQ)  + p (r2  + iQ2  )/  2 + f>  r rQ  3 j 

2 , r3  mr  (r  + r„)  T 2 r3  „2  1 

mr  Pj  - |^mr  + p — +(mr  + p__  ) rj 


Lim  A = mr  I /I^, 
p -*o 


In  the  limit  a •-*  0,  the  terms  p,  8 , and  F are  listed  as  following: 


Uncoupled  Case  (Limit  p ■—»  0) 

2 2 
8 - (a>o  r^/r  + s/  mr  ) 1/2 


F(t) 


2 2 
™ r ( r + rn) 


»r 


] 


2“oH 

r Ip 


(2-5) 


Coupled  Case 


Limit 


r 


->  0) 


n = 


+ -iT)  A 1 1/2 

mr2  I 
o 


P = 


/ 


o 


k % 
2mr2  I 


t < t 


t > T 


I 


F(t)  = 

- 2„or  | 

lr 

m (r  + r0f 

r i 

\> 

b 

(2-6) 
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Laplace  Transforms  and  Transient  Response 


For  short  duration  t of  deploymt  it/retraction,  such  that  r r « r, 
the  boom  lengths  remain  approximately  constant  throughout  the  period  t. 
Thus,  it  is  observed  that  the  force  term  F(t)  is  of  the  form 


F(t)  st  r x constant 


0 < t < t 


(2-7) 


where  r is  a known  constant.  Transient  response  function  0 (r,  t) 
can  be  derived  analytically  by  Laplace  transform  method.  The  scheme  is 
to  find  the  response  4*  (r,  t)  to  the  force  F(t)  *0(t)  turned  on  at  t=0, 
and  then  solve  the  force  free  oscillation  equation  using  4>  (r,  r ) as  the  initial 
conditions. 

Using  Laplace  transforms,  the  forced  oscillation  equation  becomes: 


iC  [ $ + 2 |3  <{>  + $2  <t>  1 = F„0(t)  ] 


( s2  + 2 p s +n2)  4>  (s)  = 7- 

S 


<t>  (s) 


s (s2  + 20s  +ft2  ) 


By  partial  fractions,  <{>  (s)  can  be  written  as: 


to  = 4 T1  - — 

ft2  L s (s  + 


P>2+^  + (s  + p)2  + if 


where 


Si2  - p2 


Response  function  ^ of  the  wire  booms  is  given  by 
$ (t)  * X”1  ( ♦ (s)  1 


Thus,  the  transient  response  function  is  found  to  be 


<f  (t)  = 


£-  | 
«2  I 


(2-8) 


- e ^ ( cos 41  t + -Jr“t  sin U t )l  0<t 


where  6 (t)  = 


f 1 t > 0 

I 0 t < 0 


2! 


. l uu  Jin  * ''iff*  ,#i  u»  .*  '*^£*”^.7^’^" 


At  t = r , in  particular,  the  function  {>  (t)  is 


*<T)  --y 


I- 


0T  3 

eH  ( cos  At  + -r—  sxn 

o £2 

o 


to  V ’} 


The  next  step  is  to  solve  the  force  free  oscillation  equation  using  $ (t) 
as  the  initial  condition.  Let  us  denote  3'  during  free  oscillation. 


during  force  application  ( t > t > 0 ) 
after  force  application  ( t > r ) 


0 1 t 

time 


time 


For  t >t  , the  equation  of  motion  is  of  the  form: 
$ + 2 p {>  + £2^  $ = 0 


with  known  boundary  conditions  $ ( r ) and  $ ( r ). 

For  simplicity  in  symbol  manipulation,  let  t = 0 from  here  on,  until 
later  when  we  restore  t - t + r,  ta  0,  By  partial  integration. 


XI  i(t) 


WMl  * 


dte  "at  2 it)  = ( es‘  f (t)  ]*  + s J*  dtc  + Ut 


- - $ {o  ) + sX’t  ♦ (0  ] 


A [ ? it)  } » \ «te'St  J {l)  „ j c-st  i (t)  ,®  + J dtc  - 


0 


= -i(0»  - s ♦ (0)  + s2^{  * it)  ) 


Therefore,  the  equation  of  motion  is  transformed  as  follows: 
(s2  + 2p's  + S22)  $ (s)  = s $ (0)  + p (0)  + 2P'  <{>(0) 

or,  $ (s)  = <fr  (0)  “-—'a"-- ,2  + [ P ♦ <0)  + i (0)]- 


<s+py*  + sr  1 '--(s+tf2  + tf2 


where  =S22  - 


Thus, 


<p(t)  = ^(0)e'p/t  cos  s/ 1 + JMW  + lW)  1 e’^sino  t 

° L o0  J 


Restoring  t to  t + t,  rf  0 bv  shifting  origin:  we  find 

( 1. 

$(t) 


■ ♦me-P'-'  ''costal.  .t)]  + {-Alll-t  i ill  |.-  ?V-T) 


t>  T 


. sin  U-t  )] 
where  ^ ( r)  and  $ (t)  are  known  boundary  conditions; 


r 

IP 

| 1 - e"^T  [ cosier  t 

rK> 

. 1 / p \2.  ,(  -P 

l UJ  1 

il 

•4-ir 

u, 

u 

e sini^jT 

(2-iQ) 


U-U) 


(2-S  2) 


where  U 2 - U2  - ^ 
o 
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Physical  Insights  sained  from  these  Results 


With  the  use  of  a simple  model  in  this  introductory  chapter,  we  have 
been  able  to  derive  some  salient  physical  features  of  the  satellite  system 
concerned.  The  important  points  are  listed  below: 

1)  Retraction  is  less  stable,  because  r is  negative  reversing  the  sign 
of  the  damping  term  d»  [Equs  (2*5),  (2-6)]  . 

2)  Damping  is  prominent  when  boom  is  short,  because  d is  proportional  to 
1/r2,  [ Equ.  (2-5),  (2-6)]. 

3)  Force  F(t)  is  prominent  when  boom  is  short,  because  F(t)  is  proportional 
to  1/r.  [Equ.  (2-5),  (2-6)]  . 


4)  If  k is  very  large,  no  oscillation  occurs,  because  then  $ (t)  is  an  ex- 
ponentially decaying  function.  For,  let  j3  > SI , so  that  ii  = i a , where  or  is 

n? 1 ° 

real  and  o<d  because  f2Q  = i \/d**  - 12  = ie,  and  then  for  r>t>0,  we 

have;  from  Equ.  (2-9),  : 


$ (t)  = 


l — o 


- Oft  , at 
e +e 


- ort  at 

e - e 


-Sat  J 

— r — — [ (o-d)e  -ford  lx- 


which  decays  exponentially. 


5}  The  Amplitude  of  Oscillation  after  Deployment/ Retraction  Period  r 


CHAPTER  3 


LAGRANGIAN  DYNAMICS  OF  COUPLED  HUB- BOOM 
INCLUDING  TRANSLATION 


= !>.,  y*  -i  • Rectangular  coordinates  in  earth's  inertial  frame. 

- CN,  Y,  Z)  - PflsiU«5  of  center  of  hub  w.r.t  initial  position  of 

cooler  of  hub  (I  - 0 ) as  measured  m earth's  inertial 
coordinates 


For  negligible  or  fmtujU-$r!v  smfependert  out-05 -plane  motions, 
a and  Z can  be  omitted  i i the  sn-plane  dynamics 


Center  of  hub 


= Angle  subtended  by  the  straight  line  defined  by  O and  the  exit 
point  of  the  first  boom  w.r.t  x-axis  in  earth's  inertial  frame. 


At  t =o,  01 


(w  = 0). 


G initially,  and  0 


fc=o 


= initial  angular  velocity  of  the  hub, 
t=0 


( ri , 4>i  ) = Polar  coordinates  of  boom-tip  mass  (i  - th)  as  measured  in 

corotating  coordinates.  The  i's  are  chosen  so  that  initially  the 
first  boom  subtends  an  angle  0 = 0,  w.r.t  earth's  x-axis. 

4>i  (t)  is  the  angular  displacement  of  boom  i at  time  t. 


M 


m 


P 

L 

L 


L. 

l 


A. 


l 

Bi 


D; 


Mass  of  hub 


Mass  of  a tip  mass 
Radius  of  hub 


Moment  of  inertia  of  hub 

Total  moment  of  inertia  of  system 

Snring  constant  of  boom  wire 

Air  drag  constant,  (for  air  drag  on  boom). 

Mass  density  of  wire 

Lagrangian  of  total  system 

Lagrangian  of  hub 


Lagrangian  of  i - th  boom  with  tip  mass  (due  to  pure  rotation 
only) 


L' 


Lagrangian  of  i - th  boom  with  tip  mass  (due  to  cross  effect 
of  rotation  and  translation) 


mr  : + pr  3/3 
1 i 


mr  j + prj  c /Z 
m + pq 

(i  - D-j  (i  = 1,  . . . .4) 
* 0 + a 
0 + c>i 


2 6 


r 


= Velocity  relative  to  inertial  axes 
r'  = Velocity  relative  to  rotating  axes 

R = Translational  velocity  of  moving  axes  origin  w.  r.  t.inertial  axes 

The  vector  equation  relating  to  motion  in  a rotating  frame  and  that  in 
an  inertial  frame  is 

I ^ l < 

r,  = jR  + x'  + w. x r (3-1) 

where  X is  the  velocity  in  an  inertial  frame, 


R is  the  translational  velocity  of  the  origin  of  the  rotating  frame, 
X1  is  the  velocity  w.  r.t.  rotating  axes, 
uj  is  the  angular  velocity  of  the  rotating  axes. 

Note:  All  four  variables  above  are  functions  of  time  t. 


In  components, 


x = X + x*  - wy' 
y f=  Y + y f wx' 


(3-2) 


Note:  These  equations  (3-1,  2)  can  be  derived  by  considering  infinitesimal 
displacements  ( and  therefore  derivatives)  in  the  inertial  frame. 


It  is  convenient  to  change  ( x^  y ) to  polar  coordinates  ( r .,  4>.  ),  but 
leaving  ( X,  Y ) unchanged  in  rectangular  coordinates. 


x.  = r . cos  ( <h.  + f).  + 6 ) + r cos  ( 6.  + 8 ) (3-3) 

1 1 T1  1 o 1 

y.  = r . sin  ( <i>.  + >> . + 6 ) + r sin  ( 6 + 0 ) 

1 T1  1 o 1 


where  6 = ( i - 1 jJ**'  ( i = i>  •••••»  4) 

Let  *,.  = 4>.  + 6.  + 0 , «*.  = ( i.  + 6 ) , = ?.  + ® 

wi  l l li  ii 

© 6 + 6 , ©.  = 8 , ®.  = 8 
i i i 1 
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x = r.  cos  $.  + r cos®. 
11  1 o 1 


y = r.  sin  $.  + r sin  ®. 
11  1 o i 


# 9 * • 

x.  = r.  cos  i>.  - r.  sin  ®.  $.  - r sin  ©.  0 


v.  = r.  sin  $.  + r.  cos  4>.  $.  + r cos  ®.  0 

711  11  11  o 1 


• » • * • 2 •»  i 

x = -2  r.  sin  $.  $.  - r.  cos  $>.  $.  - r . sin  4.  - r cos  ®.  0 

1 1 111  11  1 10  1 


- r sin  ® . 0 
o i 


«i  » * * 2 •*  ° 

v = 2 r . cos  <3?.  $.  - r . sin  $ . $.  + r . cos  4> . $>.  - r sin  ®.  6 

7i  i ill  ii  l ‘ 


i l 


+ r cos  ® . 0 
o 1 


The  time  changes  of  x^,  as  given  above  are  those  observed  in  the 
earth's  inertial  frame. 
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3.  2 Kinetic  Energy  of  a Tip  Mass 

Kinetic  energy  (K.  E. ) of  the  i-tli  tip  mass  is 

K.  E.  = 1/2  m [ { X + x.  )2  + ( Y + y.  )2  ] 

= 1/2  m ( X2  + Y2  ) + 1/2  m ( x.2  + f 2 ) + 

i i 

l/2m  ( 2Xx.  + 2Yy.  ) 
i l 

where  the  first  term  is  the  pure  translation  term  K.  E.  , the  second 

trans 

term  is  the  pure  rotation  term  K.  E,  , and  the  third  term  the  cross 

rot 

term  K.  E. 

cross 


K.  E.  l/2m(X2IY2) 

trans 

K.  E.  = 1/2  m ( x.2  + y.2) 

rot  i 7 \ ' 

r*2  2 • 2 2 * *2 

= 1/2  m [ r.  + rQ  6 + r.  ( 0 + 4>  ) + 

2rn6  (r  [ 6 + <j>.]  cos  4> . + r.  sin  4*.)  ] 

° i i ill 

which  is  independent  of  6^ 

o = m [ 0(  [ r . cos$.  + r cos®.]  Y - [r  . sin$.  +r  sin®  ] X)  + 
cross  i i o i i i o i 

» • 

/ r . c<js  $.  - r ■ sin  4>.  <b.  ) X + 

v i i i l Yi 

(r.  sin$.  + r.  cos$.  4>.  ) Y J 
i ii  li 

For  boom  wire,  one  replaces 


To  show  that  K.  E.  of  hub  = K.  E.  , _ + K.  E.  without  any 

rotation  translation 

cross  terms 


K.  E.  =0 

cross 


Proof  ( i ):  Take  x axis  to  be  parallel  to  the  translation  vector 


Take  2 elements  opposite  and  equidistant  from  center  of 
of  hub,  their  velocities  are 

- *t»  yw ) 

and  (xu  + xfc,  -yw  ) respectively. 

2 

In  K.E.  , one  needs  S(velocity).  for  all  elements.  Since  cross  terms 

2 1 1 

cancel  in  (velocity)^  for  all  opposite  pairs, 

K.  E.  = K.  E.  + K.  E.  n tt  n 

total  rot  trans  U.  E.  D. 


Proof  (2):  Let  v - velocity  of  an  element  of  hub 

2 .2  «2  »2 

v = X + f + Z 

JL  * 

where  x = X - u>y 

. ♦ 

y = Y + urx 

£ = 0 


2 2 2 2 ’ 2 ' 2 » ' 

v aw  (x  + y ) + ( X + Y ) + 2w  (x  Y - yX) 

K.E..  . = K.E.  + K.E.  +K.E. 

hub  rot.  trans.  cross 


2p( 

r •* 


where  K.E.  = l/2p|  drr  d0d4>  sinQ  2w  (xY  - yX) 

cross 

"2 

drr  d6  d4>  sinQ  (r  sin0  cos4>  Y - r sinG  sin<J>X) 


= pu 


fit 


2tt 


3 I 2 

- pw\  drr  \ (10  sin  0\  d<t>(cos4>  Y - sin<|)  X) 


-TT 


= 0 Q.  E.  D. 
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3.  3 Total  Lagrangian 

The  Lagrangian  L of  the  entire  system  can  therefore  be  written  down 
as  follows: 

1 $ 

4 1 

L = L (8,  X,  Y)  + . , L.  ( 0 > r. f r. , <j>. » <j>.  ) + i \ 

o 1=  1 1 1 1 Ti  1 x | 

4 

4 

L.  ( ©»  r.,  r. , (j).»  4>-»  6.,  X,  Y ) ( 3-5  ) 

1=  1 1 1 1 Y1  T1  1 v ' i 

•»! 

where  Lq  is  the  Lagrangian  of  the  hub,  L.  is  the  Lagrangian  of  the  J 

boom-tip  mass  due  to  pure  rotation,  and  1/  is  the  Lagrangian  of  the 
boom -tip  mass  system  due  to  cross  effect  of  rotation-translation. 

! v'j 

'i 

i • 

« 2 • 2 • ; I 

L = 1/2  I e + 1/2  M (X  + Y ) ! 'S 

° ° 2 : i 

L.  = 1/2  (m  + pr.)r  . + 1/2  (mr.  +P-^-  ) 4>.  + % 

1 11  i 3 1 A 

2 : J 

e[  (mr.  + p-r~  ) <£•  + (m  + pr.  ) r r.  sin  y.  + 1 

i 3 Ti  i o i i 

2 o 

(mr.  + P-r1—  ) r cos  d>.  d>.  ] - 1/2  si.  + 
i 2 o Yi  Ti  l 

3 2 

1/2  O2  [ (mr.2  + P~—  ) + (m  + pr.  ) r 2 + 2(mr.  + p— r— )r  cos  4>.  ] i j 
i 3 i o i 2 o l < « 

11 

L?.  = 1/2  (m  + pr.)  (X2  + Y2)  + §[  (m  +pr.)  ( r cos®.  Y - r sin®.  X)  + > \ 

l l l o l o l ! 

ri2  . • ] 

(mr.  + P—r— ) ( Ycos<6.  - X sin$.  )]  + 


(m  + pr, ) r.  (X  cos  $,  + Y sin4>.  ) + (mr.  + p*r~  ) d>.  ( -X  sin  4>.  + Y cos  <J>. ) 
ii  i i i 2 i i i 


The  Lagrangian  equations  of  motion  are: 


0 -equ: 


d 01,  3 1,  . 

dt  d b 36  = 


4>^  - equ: 

d 

dt' 

3 L 
3*4>. 

l 

- 31, 

34) 

= (i  = 1,  ...  ,4) 

r.  -equ: 
1 

d 

31. 

- 3L 

-T.  ( i = 1,  . . . , 4) 

“ 1 

dt 

3r , 

3 r . 

. v/  & . 

i i 
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X -equ: 

d 9L 

dt  ax 

3L 

“ ax 

= 0 (if  there  is  no  air  drag  due 
to  translation) 

Y -equ: 

_d_  8L_ 

9L 

= 0 ( ..  ) 

dt  9Y 

" 9Y 

The  X and  Y equs  can  also  be  obtained  alternatively  by  considering 
conservations  of  linear  momenta  in  X andY  directions  respectively 
(see  Appendix  A). 

The  G-equ.  can  also  be  obtained  alternatively  by  considering  conser- 
vation of  angular  momentum  of  the  entire  system. 

At  high  altitudes  (ionospheric  for  satellite  1975),  air  drag  is  neg- 
ligible (see  Chapter  7 ),  so  that  is  mainly  due  to  hinge  friction 
and  kg  is  negligible.  From  here  on,  we  use  k in  place  of  k^  and 

is  neglected. 
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3.4  6 - equation  of  Motion 


9L  v [ 0 ( D.  r [ Y sin®.  + X cos®.]  + B.  [ Y sin®.  + X cos®.]  ) + 

98  = ‘i=l  1 ° 1 11 


D.  r.  (X  sin®.  - Y cos  ®.  ) + B,4>.  (X  cos®.  + Y sin®.)] 
- - - * ii 


i l 


• 4 

e+  2 

o i=l 


^r-  =10+  2 [ A.  (0+<£.  ) + B.  cos4>.  (2&  + ®.)  + D.r^  (r^0  + r.  sin<|>.)  ] + 


1 o 


2 [B.  ( Y cos®.  - X sin®.)  + D.  r (Y  cos®.  - X sin©.)  ] 
1 l i io  1 1 


d 3L 
dt  3$ 


4 

= 10+  2 [A  (9+d>.)  + A.  (0  + <l>.)  + B.  r cos$.  (20  + 4>.  ) + 

o i=  i 1 i i i io  1 1 


B.  r cos4> . (20  + ^> ) -B.r  sin  <J>.  6.  ( 20  + 4>.)  + 

1 o 1 l o ri  T1  1 


Dr  ( r P+  r.  sin<b.  ) + D.  r ( r 0 + r.  cos<$>.  (j>. ) + 
io  0 l i 100  i ii 


« • * 

B.  (Y  cos®.  - X sin®.)  + 

i i i 


B.  (Y  cos  ®.  - Y sin®.  [ 0+  4>. ] - X sin®.  - X cos  ®.  [ 0+4>.  ] ) + 


l i i 

I 


D.  r (Y  cos®.  - X sin®.)  + 
l o 1 1 


D.  r (V  cos®.  - X sin®.  - Y sin®.  0 - X cos®.  0)  ] ( 3-6  ) 


i o 


Since  total  moment  of  inertia  of  the  system  is  the  sum  of  moment  of  inertia 
of  the  hub  plus  those  of  the  booms  with  tip  mass,  therefore  the  total  moment 
of  inertia  is:  , 


4 2 ri  2 

l.„  =1  + X [ (mr,  + p— ) + (m  + pr.)  ».  + 

1 o i=l  i 3 i o 


r. 


2(  mr.  + p-~  ) r cos  4>.  ) 
i 2 o i 


ic. 


1=1  +2  ( A.  + 213.  r cos®.  + D.  r ) 


( 3-7  ) 


This  expression  is  nov^put  into  the  R.K.S.  of  equation  ( 3-6  ) 

given  on  the  previous  page.  The  6-equation  of  motion  is  then  written 
as  follows: 


d_  3L  3L 

dt  3$“  ' W 


..  4 f . 

I 6 + 2 2 ( e + 4>.  ) ( B.  r.  +D.  r cos  <j>. 

1 i=i  1 i ii  io  vii 

• f • 

B.  r sin<|>.  <$>.  ) + d>.  B.  r sin  <t>  + 

io  ii  Tiio  Tii 

4>.(A  + B r cos  <t>.)  + pr  i.  (r  6 + f sin  <}>.)  - 

ii  io  i oi  o l i 


»•  '■  *.  M 

B.  ( X sin  $.  - Y cos  $.)  + D.  r (Y  cos®.  - X sin®  ) + 
i 1 1 1 o 1 1 

4 » » 

pr.r  ( Y cos®.  - X sin®) 

1 o 1 i 

0 if  there  is  no  air  drag  due  to  rotation  of  hub 

-k0  if  there  is  air  drag. 

V 0 6 

■ • 

Ln  the  limiting  case,  let  X = Y = 0,  one  obtains  the  "no-translation" 
version  of  0-equation. 


( 3-8  ) 
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3.5 


«}>i  - equation  of  motion 


3L 

94>; 


r q ( D.  r.  cos  _ B.  sin  4>.  ) - r 0 B.  sin<b. 

o ° I 1 11  11  o l Ti 


r * » * , 

4>.  - ( B,  Y ( 8 + ) + D.  r . X ] sinO . + 


l l 


dL 
<)$  . 


[ D.  r.  Y - B X ( 0 + 4>.  ) ] cos$ . 


, • * 

rQe  ( r . cos  <k  - B,  sin  4>^  sin  4^0)  - s4»^ 

( 0+  A.)  B.  (X  cos  #.  + Y sin  $.  ) + D.  r.  ( Y cos  - X sin  a.) 

ii  i ill  l vi 


<?.  A.  +0  (A.  + B.  r cos  A.  ) - B,  ( X sin*.  - Y cos  ) 

i « » • T%  % T % « 


l l 


i o 


A.  (6  + * •)  + B.  [ 0 r cos$ . - (X  sin4>.  - Y cos  0 .)  ) 

i v 1 10  1 1 1 


d 3L 

dT  IT 


A.  ( 0+  <f.)  + A,  ( 0 + £ . ) + B.  Or  cos$.  + 

1 1 1 1 i o 1 


B.  (Hr  cos  a . - Or  sin  4.  $.)  + B.  (Y  cos’?  . - X sin  4.)  - 
l o vi  o i i 1 1 1 

B.  [(  X cos  + Y sin$.)(  0+4)  + ( X sin?  . - Y cos0.)l 

i i ii  i i 


0 ( A.  + B.  r cos  $. ) + A.$  . + 2B.  r.  ( 0+  4. ) + 

110  1 11  11  i 

, . * * * 

D.  i* . or  cos  - B,  r Q sin$.  $>.  + D.f  .(Y  cos  4.  -X  sin$.) 


1 1 o 1 10 


i i ii 


B.  [ (X  cos  & + Y sin  4. ) (0  + 4)  + (X  sin  4.  - Y eos$  J ] 

X XXX  XX 
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Collecting  the  results,  we  therefore  have  the  $ - equation  of  Motion: 


d_  9L  3L 

dt  3$ 


A.  4-  2B  r . ( 0 + $ . ) +0  ( A.+B.  r cos  b . ) + 
li  ii  i 110  i 

« 2 • * • 

s$  + 9 B.  r sin$  . + B.  { 0+  $.){  X cos  + Y sin$.) 

1 1 o 1 1 1 1 1 

+ B.  [ - ( 5 + $.  ) ( £ cos'® . + Y sin$  .)  + Y cos  ♦.  -X  sin^.] 


A.  $.  + 2B.  r . ( 8+  ♦.)  + s $ . + 0 ^ B.  r sin$  + 
ii  ii  l l i o i 

0 ( A.  +B.  r cos  $.)  + B.  (Y  cos  0 - X sin$.) 

1 1 o 1 X l 1 


— k<^  ^ (i  - 4) 


( 3-9  ) 


In  the  limiting  case  of  "no-translation",  one  lets  X,  Y = 0 and  obtains 
the  4.  - equation  of  motion. 
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3*6  X -equation  of  Motion 


3L 

ax 

3L 

ax 


d 3L 

dt  ax 


The  X 


A.  3^ 
dt  "ax 


: 0 


MX 


X + -L  [ (m  +Pr.)  (X  +r  . cos  # - Qr  sin®  ) - 

1 i i o i 

2 • 

(mr.+pr.  /2)  (Osin  $.  + $.  sin  4> ) 1 

ii  i J 


MX  + £ [p  *r  . (X  t i». 


. 4 - - , . cos  * - r 0 sin®.)  + (m  + pr  ) 

1=1*  iio  1 j 

(X  - r.  sin  (9+  ❖.]  - 9r_sin®.  - 


ro  COS0.  S2}  - (mr.  + Pr2/2)  ([  0+  V ] ain  * + [ j 

^ ^ ^ i i 

cost1,  [o  + <*]  ) - (m  +pr.)  r.  ( t)  sin§ , J 


equation  of  Motion  is 


JlL. 

ax 


M 

MX 


Jf  t.  i + COS  Jssa® ) + 

Cm*pr.)  ( X - 2tr.  ( h*  $.  j sin  *.  - («  sin®.  + I2  cosOjr  \ 
r-2 

* #*“■  »■**  » • ^ 

- (mr.  -w  rp)  ({«  ♦ (j  sin*  cos  2 } ) 


C 3-iO  } 


0 if  there  is  negligible  air  drag  due  to  translation 


3 7 


3.7  Y 


9 L 
3Y 


_±  5L 
dt  3Y 


A.  At 

dt 


equation  of  Motion 


0 


. 4 

MY 


+ :i-<  [ («x  + Or.)  ( Y + r . sin  4 + r 0 cos©  ) + 

i_*  i i i o i 

. . 

(n>r^  + p g — ) (0  +$  ^ ) cos  o.j 


MY  + T.  | pt  . ( Y + f.  sin  4.  + r 0 cos©  ) + 

i=l|r  1 1 ■ 0 * 

(m  +0  r.)  ( Y + 'r  . cos  $> . [ 0 +4  j + r 0 costfft  - 
• * x X i o 

r 5^  sin©.  + r.f  0+  I.]  cos  $ ) + 

o 1 1 i 

2 

ri  • • i 

+ fair.  +o-r-*)  ( f 9 t$.J  cos'*  . - |9  * % j sin$  [54  1)  ; 

1 * 1 1 i i i i 


<£L 

dY 


* ilt  f - c Y *r4  sm  $ 4 r * eos©J  + 

*-  » j i 1 X " 


o 


(m  ***  r.)  { Y * 2 r.  f 9 #1 J cor  *.  + r @eos©. 


X o 


rs 


r i sinsj  * (my.ig  5 ( ( s *$  .)  cos^ 


I i*  <f.  f*  sisi$  ) 

5 * I 


f 3-st  ) 


it  0 y tiicre  is  negligible  air  drag  doe  to  translation 


*8 


equation  of  Motion 


i/2  P(  r + v * 0 ) + D.  ( 0 + <?  )2  + p r r.  6 sin  $ + 

* 1 i o i j 

D r cos  $ 0(  8+  |)  + p[  i/2  (X2  + Y2)  + (X  cos$  + Y sinO  ) 

1 1 iii 

h ® <ro  cos®i  * “ ro  X)1  + E>.(  8+  *.)  ( Y cos  ♦.  - X sin  0.) 


• 9 • 4 

D {r  + r 8 sin$.  + X cos$  . + Y sin  $ ) 
i i o i i j ' 


^ri  + r«  9s*ft  $-  ) + iX  ( r 0 sin$.  + r 5 cos  <*».  $ ) + 

* - * io  t o ii 

D (X  cos  f 4 Y sin*  ) + D ( X cos*  . + Y sin  S.  - X sin  $ . [ a +*  . ] 

1 i i i i i 

Y cos*.  [ l + ) 


<1  31 

dt  d? 


01, 


or. 

i 


2 2 2 

i/2  ® ( t • > 8 J + O r ( o*sin  *. 

- VI  * a * . 


1 o 


• 2 


• * 2 


iT  cos  -B.  {e  }“ 21-  { ( x2t  V2) 

i ) ; 2 ' 


2 * ( r cos®.  V - r sin®  X)  ! 

o 1 10  I * 


IX  C X COS  5 4 Y sittE  ) 

1 ! 1 


-T 


Ms  i 4) 


i .M^i 


CHAPTER  4 


ANALYTIC  SOLUTION  - FOR  INPLANE  OSCILLATIONS 

The  Lagrangian  equations  of  motion  for  inplane  satellite  dynamics  form 
a set  of  seven  coupled  nonlinear  differential  equations,  which  can  be 
solved  numerically  on  a computer.  To  gain  insights  into  the  physical 
behavior  of  the  system,  analytic  solutions  are  useful.  Simplifications 
of  the  problem  are  necessary  for  the  feasibility  of  analytic  solutions. 

The  simplifying  assumptions  are  as  follows: 

1)  No  external  damping 

2)  No  deployment  or  retraction 

3)  Equal  boom  lengths 

4)  Harmonic  approximation 

In  assumption  (4),  the  boom  angles  <Jn  are  of  the  order  0(«),  are  also 
of  the  order  0(«).  Since  9 = at  equilibrium,  9 itself  need  not  be  small, 
but  the  deviation  from  o)0  is.  Thus,  let  0 = 0>o  + 0 where  0 is  of  the  order 
O(e).  The  approximation  scheme  is  "all  terms  of  the  order  0(  e5)  or 
higher  will  be  discarded  in  kinetic  and  potential  energies,  and,  all  terms 
of  the  orde^  0(  «^)  or  higher  will  be  discarded  in  the  equations  of  mo- 
tion". The  results  arrived  at  by  using  equations  of  motion  should  be 
the  same  as  those  obtained  from  kinetic  and  potential  energies  [10,  12], 

4. 1 No -Translation  Formulation 

We  first  consider  no-translation,  and  later  translation  will  be  included, 
so  that  the  difference  in  results  due  to  translational  effect  can  be  obtained. 


in  harmonic  approximation,  the  matrix  equation  of  motion  (page  31)becomes 


Xj 


where 


r \ 

\ 

[B]  = 

r N 

-P  4>i 

»» 

4>2 

-P  *2 

*3 

“P  *3 

*4 

*'J 

-P  4>4 

, o J 

e - wQ  + 6/,  6 = Q 7 

a = mr^  + pr 3/3 

b ~ mr2  + pr3/3  + prQ  (mr  + pr2^2) 

4 

c = :o  + i?i  t + Pr3/3  + 2r0  (mr  + pr2/2  +prG2  (m+  pr)] 

= IT 

p = (mr  + pr2/2)  rQ  u>2 


Since  we  expect  the  motion  to  be  oscillatory,  we  attempt  solutions  of  the 
form:- 


<Mt)  = 4>i  (t=0)  e 

and 

o'tt)  = 0)  c i“t 


where  the  frequency  w is  to  be  determined. 

Substituting  the  solutions  (t)  and  e/  (t)  into  the  matrix  equation  of  motion 
AX  = B,  we  find 


a 

0 

0 

0 

> 

b 

«2 

♦; 

c ^ 

P 4>i 

0 

a 

0 

0 

b 

«2 

P 4>2 

0 

0 

a 

0 

b 

oj2 

*3 

P 4>3 

0 

0 

0 

a 

b 

u,2 

+4 

P 4>4 

b 

b 

b 

b 

c 

u>2 

e' 

* 

. 0 > 
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This  equation  is  just  a set  of  five  simultaneous  equations: 


r y y') 

a w -p  0 0 0 b w^ 

< \ 

0 aw2-p  0 0 b w2 

„ „ 2 2 

*2 

0 Oaw-pO  bw 

*3 

2 , ? 

0 0 0 aw-pbw" 

4>4 

bw2  bcj2  bwbw^  c w ^ 

V J 

e' 

v.  * 

In  order  that  nontrivial  solutions  exist,  the  characteristic  determinant 
must  vanish.  Therefore, 


2 

a w -p 

0 

0 

0 

bw2 

0 

2 

aw  -p 

0 

0 

bw2 

0 

0 

2 

aw  -p 

0 

bw2 

0 

0 

0 

aw2-p 

, 2 
bo> 

bo)2 

bw2 

bo)2 

bo>2 

2 

ecu 

0 


The  determinant  can  be  calculated  by  using  Laplace's  expansion.  The  result 
is:- 

2 2 ^ 2.  2 2 -i 

w (aw  _ p)  [(aw  - p)  c - 4 b w J = 0 

This  polynomial  equation  yields  three  distinct  roots:  oo^,  u>3,  viz., 


w3 


1 

i -4b C j (ac) 


where  w is  a triple  root. 
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jgja.-J.Q-.  ■■•av.V- 


These  are  the  frequencies  of  three  distinct  modes  of  oscillations  described 
by  the  five  variables  ( <j>  ^ 4>^,  <J>^,  0*  ).  The  triple  root  corresponds 

to  three  possible  patterns  of  boom  motion  in  such  a manner  that  the  total  boom 
angular  momentum  is  zero.  The  third  distinct  root  corresponds  to  coupled 
hub-booms  oscillations. 


Lim 

P-»C 

W 2 

o 

3 

(uncoupled) 

[Triple] 

Lim 

P — >0 

W 3 

oo  / m 

° It 

T ( coupled) 

Io 

The  hub-booms  patterns  of  motion  (modes)  can  be  found  by  substituting  the 
frequencies  into  the  set  of  simultaneous  equations  of  motion  (equ.4-1  ).  We  find 

For 

w = 

W i’ 

A =0  , 

0'  = arbitrrry 

(Mode  i) 

For 

oo  = 

W 2’ 

!»* 0 

6'  = 0 

(Mode  2) 

[Triple] 

For 

00  = 

CJ 

3’ 

4.  = iT  e' 

i=i, 4 

(Mode  3) 

4b 


4.  2 Harmonic  Approximation  with  Translation 


Inharmonic  normal  mode  analysis,  all  the  responses  to  excitations  of 
modes  are  infinitesimal.  This  is  why  we  have  separated  0 (t)  (hub  angular 
velocity)  into  two  parts:  and  Q^t),  the  latter  being  the  infinitesimal 

response  to  mode  excitation,  where  the  former  (0^  = o>  ) can  be  arbitrarily 
large  and  is  not  a part  of  mode  excitation  itself. 


Likewise,  the  translations  X and  Y should  be  written  as  X = Xq  4 X/and 
Y = Y + Y'  the  dashed  variables  being  the  infinitesimal  response  to  ex- 
citation of  modes.  The  condition  or  constraint  that  the  center  of  mass 
remains  stationary  is 


4 

MX  + E (m  + prj)  (X  + cos  ) = 0 
where  $i  =0  (t)  + 4^(0  + (i-1) 


Let  X = XQ  + X‘,  where 
r 4 

M + 2 (m  + pr 
1=1 


4 

-2 

i=i 


and  X'  - X - X 


(mr.  + 
i 


) cos  4. 

l 


(j>  = const 
I 
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The  time  variable  in  XQ  is  6 (t)  where  4*i  = constant,  sb  that  X is  due  to  hub 
rotation  and  not  mode  excitation,  while  X*  is  the  infinitesimal  response  of  the 
order  O(t),  as  61  are.  Thus,  the  inplane  oscillation  variables  are 
4>j,  4>2»  fyy  4>4'  6'  * X,  andY;  There  are  7 inplane  variables,  and  there 
must  be  7 natural  modes. 


From  the  equations  of  motion  including  translation,  we  have  the  following 
matrix  equation  of  normal  mode  oscillation  in  harmonic  approximation: 
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(4-3) 


where  terms  of  the  order  0(  €2),  O («/#?)  or  higher  are  neglected.  The 
notations  are  as  follows: 

2 3 

a = mr  + p r / 3 

2 3 2 

b = mr  + Pr  /3  + rQ  (mr  + pr  /2) 

4 r 2 3 3 2 * | 

c - It  = Iq  + mr  + p £ + 2 r^  (mr  + p r , ) +r  (m+  pr) 

L 3 3 o J 

2 

d =(mr  + p r ) sin  0 


e = (mr  + r p ) cos  e 
2 


TV)  = M + £ m.  = M + 4m 

i=l  1 

2 2 
p = (mr  + pr  /2)  rQ 


In  order  that  nontrivial  solutions  exist,  the  characteristic  determinant  of  the 
above  matrix  equation  must  vanish:  det  I A I - 0 
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Therefore, 
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Using  Laplace  expansion  (Appendix  D),  we  find  the  determinant  gives: 
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yy]( aw  -p)  -2w  (mr  + p r2)2 
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(aw  -p)  (aw  -p)  c 


.,2  2 

-4b  oj 


2]=( 


The  roots  of  this  polynomial  equation  are  - 


W1 

w2 

w3 

w4 
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5 = 


u6  = 


wjr 


0 

0 

0 


JF 


w 


1-  2(mr+pr2/2)2 


W)a 


l-4b^  (ac) 


Substituting  the  frequencies  w*  ( eigenvalues  ) into  the  matrix  equation 
of  motion,  one  obtains  the  corresponding  eigenfunctions,  which  can  be 
put  into  a matrix  form  [B], 
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B = 
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where  F = 2 ( d + e ) 

n 

G = 2 ( e - d ) 

IK 

One  readily  verifies  the  following  matrix  relation: 


B A B = diag  { w u>?  ) 


Explicitly, 
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(4-4) 
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where  <o  j have  been  given  on  the  previous  page.  There  are  three  zero 
frequencies,  three  non-zero  frequencies,  and  two  doubly-degenerate 
frequencies.  The  natural  modes  and  their  frequencies  for  in-plane 
dynamics  are  displayed  in  Figure  3. 


j 
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CHAPTER  5 


NORMAL  COORDINATES  FOR  INPLANE  OSCILLATIONS 
5. 1 Harmonic  Approximation  with  Matrix  Formulation 


In  harmonic  approximation,  with  no  deployment/retractibn,  no  damping 
and  no  spring  constant,  the  full  Lagrangian  L as  given  on  page  31  (Chapter 
3)  becomes  simplified  as  follows: 

4 

L = L + 2 (L  + £ ) ( 5-1  ) 

o i=iv  i 


where 

L 
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4-Io  e2  + -J-  M (X2  + Y2) 
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®.2  + 0[  (rar.^ 

i i 
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) + (mr.  + p 

i i 
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r cos  4».  <L]  + T 02  [ (mr2+  P~  ) + (m+pr.  ) r 2 + 2(mr.  + 
o 1 1 6 1 J 1 O 1 

2 

pt)  * cos  i 

2 O * 


lu  = ~ (m  + pr.  )(X?  + 'i2 ) + e((m+pr.)  (r  cos®*  Y - r sin  ® . X) 

lb  1 1 O O * 

2 

r;  . . 

+ ) ( Y cos  - X sin  <^)J  + 

r.2 

ri  • • • 

(mr.  + P--^ — } 4-  (-X  sin®.  + Y cos®.) 

I 4 l X X 

Further  simpl ideation  of  the  harmonic  approximated  Lagrangian  is  achieved 
by  observing  that; 


and 


4 4 

L cos  as  ,L  cos  ) a 0 

i=  i i i- 1 2 

4 4 

.".sin®,  - .".  sin  (G4(i-1) -£- ) - 0 

i=l  i i- 1 2 


L,  - X ((mr,*'  +p—  ) + (mr  4pr,)r  2 4 2{mr.  * P-r-  ) r J + I 
i 1=1  1 3 10  1 2 O o 
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which  is  a constant  in  case  of  no  deployment/retraction.  Using  cos  $ . e 

2 * 
i-  4.  /2  in  harmonic  approximated,  one  finds  a simplified  Lagrangian  L 

as  given  below: 


+ 


~ (M  + £ (m  + pr :)  ) (X2  + Y2)  + % I j (mr 2 
L i=l  1 i=i  l c 1 


3 3 2 

H . 2 2 ri  ri  i 
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Py  ) (cos®^  0 Y 


♦ .2 


sin®.  0X)  + (mr. 4»p^—  )(cos  ®.  $.  Y - sin®.  X) 

i i ii  ii 


( 5-2  ) 


Neglecting  from  the  Lagrangian  all  constant  terms,  which  do  not  contribute 
to  normal  modes,  we  find  the  Langrangian  is  : 

WV®'2  + 5*"*2  + *2>  + ? lj,mri2  + p-T  > *i2 

3 * 2 
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1 i i 11 

2 
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1 2 i i 


{ 5-3  ) 


It  should  be  reminded  that  0 * w * 0 and  that  X and  Y need  not  be  as 
: a 

• • * o 

small  as  $.  because  X and  Y are  functions  of  w and  Prom  eon- 
1 o 1 

servation  of  linear  momenta  (Appended  A ),  we  have; 
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In  harmonic  normal  mode  analysis,  all  the  responses  to  excitations  of 
modes  are  infinitesimal.  This  is  why  we  have  separated  § (hub  angular 
velocity)  into  two  parts,  u»0  and  &' , the  latter  being  the  infinitesimal 

response  to  mode  excitation,  while  the  former  (0o  =«0)  can  be  arbitrarily 
large  and  is  not  a part  of  mode  excitation  itself.  Likewise,  the  translations 
X and  Y should  be  written  as  X - XQ  + X*  and  Y = + y(  the  dashed 

variable  being  the  infinitesimal  excitation.  By  considering  that  the  center 
of  mass  remains  stationary,  v*e  have: 

4 4 _ 

[ M + £ (m  4-  pr^)]  X = - 2 (ms  4 pvf/2)  cos  <6: 

1=1  i=t 


where  * Q(t)  4 (t)  4 U-Dy- 

Let  X = X 4 X#,  where 
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4 4 2 

[M  4 X (m4pr.)]X  = -2  (mt  4pr.  /2)eos$ 

i=i  * i=l  ^ * 1 


= const 


X'  = X - ^ t 5-4  J 

The  time  varying  quantity  in  Xu  is  8(t)  only,  so  that  X^  is  not  due  to  mode 
excitation,  while  X'ss  the  infinitesimal  response,  as  8*  are  infintcsima* 
*,0  (* ).  Therefore,  In  harmonic  normal  mode  analysis,  the  made  variables 
are  <►«,  py  p^t  0 \ Xl  and  Y#as  far  as  in-plane  modes  are  concerned. 

Subtracting  the  part  due  to  constant  hub  rotation  we  have: 
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As  a result,  the  last  term  of  the  harmonic  approximated  I.agrangian  as 
given  on  page  50  does  not  contribute  to  the  kinetic  energy,  for. 


'{last  term) 
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Since  £ cos  -v  0(  < ) and  £ sin  £ ^ Q(  * ),  the  first  sum  on  the  R.  H.  S.  is 
* 3 * 

of  the  order  0(  * ),  anti  is  therefore  neglegibie.  The  second  sum,  however 
is  of  the  order  0 ( « /^).  and,  for  ®«ual  boom  lengths  case,  becomes 

2 

«*>*>”  * f ri 

L 


(last  term) 


two 

~n 


4 f Fx  Z 

£ | (mr.  * p — r—  ) [ cos®,  cos®,  -sin®,  sin®  1 

i,j«l  > i f 2 * ) > ) 


2 l 2 

zt){ 


r. 


t ~l  iW  'l  * P 2~r  ‘ *\  ~ <1*1’ 


Thus,  the  harmoasc  approximated  Lagranghtn  becomes: 
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In  matrix  notation,  the  Lag  rang  ian  in  harmonic  approximation  is 
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The  Langrangian  L has  been  written  in  such  a form  that  the  matrices  [T] 
and  [V]  are  manifested. 


L = ! [^....Y'][T]  M [ 4>t Y'  ] [V]  h 


The  orthogonal  matrix  is  [B]  - | 0 0 0 i i i i 
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( 5-5  ) 
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5.2  Orthogonal  Transformation  of  Kinetic  Enert 


[B]  is  not  orthogonal  in  the  usual  sense: 
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[B]  should  be  orthogonal  in  the  unusual  sense: 
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With  not  much  confusion  hopefully,  let  us  still  use  [B]  to  denote  normalized 
[B].'  how.  this  normalized  [B]  satisfies  the  unusual  orthogonality  relation: 

[B]T  [T]  [B]  = [I]  (5-7) 


Now,  we  can  define  anew  set  of  coordinates  j related  to  the  original 
coodinates  { <j>^,  6 , X^  y}  by  the  equation: 


Limit  : p — 0 


a 

- 

mr^ 

b 

- 

mr(r  + r ) 
o 

c 

— ♦ 

XT 

d 

— 

mr  sin  w t 
o 

e 

— 

mr  cos  w t 
o 

— 

M + 4m 

a 

J_  

K J1  o 


+ 4m(r  -tr  ) 
o 


yM  + 4m 


2m 


2 v2 


l 

2r 


(M  + 4m) 


? 


Mm  + Zm^ 
M + 4m 


i.  M +4m 
= 2r  ^ Mm  + 2m2 


I 


2 ./mr 


M 4-  4rn  ^ A M 4 -Hi  x n / . H?  , \ \ 
M + 2m  “ P(1+  M+  °(  m2)) 


m 


for  small  ~ « 1 

M 


The  kinetic  energy  K.  E.  in  terms  of  these  normal  coordinates  is: 
K.E.  = }[i]T[B]T(T](B](i] 
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But  the  unusual  orthogonality  relation  is: 

[b]t[t][b]  = [I] 


Hence,  the  kinetic  energy  in  normal  coordinates  becomes: 
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The  inverse 


of  [B]  is  calculated  in  Appendix  F, 
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l_ 

4V 
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4Y 
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3 
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r2 
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e 
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2 
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Im  + 4(m  + pr) 
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4p  “ 


(mr  + pr2/2)  sin  u»Qt 
+ 4(m  + pr) 


0 

0 

J_ 

H- 

0 

0 

0 
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mr  (r  + r ) 


Therefore,  the  normal  coordinates  arc: 

Sl  = « ( + l+t2  + t3  + t4>  + 


h = "iv  t * (F-GMj  - (F  + G)4>2  + (F  - G)4>3  + (F  + G)4>4]  + ~ X 


= Jji  [ (F  " (F-G)^2  ' (F  + GH3  + (F  - g)*4]  + ~ Y 


4(3(4>1  " + 2 + *3  _4>4) 


4v  (*i  + <}>2  " *3  “V 


^6  4v  U1  ’*2  ‘ *3  + V 

^7  4 U1  + *2  + *3  + V 


In  the  limit  p -*■  0,  the  normal  coodinates  are: 


mr(r  + ro) 
•J  It 


(^>1  + ^>2  + <>3  + <^4)  + 0* 


»2  = — — [ - ^sinw^t  - <>„cosuJ:  + tasinwrtt  + ^cosu  t]  +X  \/M  + 4m 

r \ * , a 1 ^ & **  **  O 

\ M + 4m 


£ , = [ (»1cosw0t  - <{)2sinw0t  - 4_cosw0t  - $>4sinw0t]  + Y «/M  + 4m 

s/M  + 4m  A '5 


C - 1221 [ i +♦-*>] 

*4  2 lpl  v2  *3  V 

, _ *imr_  /M  4 2m  r . . , ,1 


*6  “ “2 


\r<\ r / M + 2m 
2 v M + 4m 


\mr  j I, 


U -*  -*  + 4>  ] 

4m  rl  2 v3  4 1 


I +<1*3  ♦ 4>41 


6 


5'3  r,„r 


fV)  = P 0 o 0 0 o 
0 p 0 -q  0 0 0 

-q  o ? o o o o 

0 -q  ° p o o o 

0 o o o o o 0 

0 0 0 0 0 0 0 

, 0 0 0 0 0 0 0 

fB)TfVj[B]  . [B]T[v]  f 


"h«P=(mrtPfi)r  2 

c O o 

q= 

P = p + q 


oooo 
0 0 0 0 
0 0 0 0 


0 o 0 o 
o 0 0 o 
0 0 0 o 
o 0 0 *^p2 
0 o 0 o 
0 0 0 o 
0 o o o 
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0 0 p 

V 

V Y 

0 

0 0 -p 

V 

-v  y 

0 

0 0 p 

-w 

-w  v 

0 

0 o -p 

~v 

* Y 

O' 

o 0 0 

0 

0 »y  -££■ 

0 

M 0 o 

Fv 

c 

■Gv  0 

0 

0 M o 

-Gv 

-Fv  0 

pP 

Pu 

PY 

3 

pp 

P*  -pu 

PY 

PP 

A A 

-Pi'  -Pl> 

PY 

PP 

A A 

PY 

0 0 


0 0 
•$1>2  o 

0 4pY2 


where  $ « p + 


Thus,  in  normal  coordinates,  potential  energy  is: 


| ( 6, 57)[b]t[v](b] 


t “i- 


4?) 


/ ^ 
ei 


’7 


“i2 


OJ 


w 


(*)■ 


w 


u> 


potential  energy 


i 

l 


) 


in  normal  coordinates. 


/^the  Lagrangian  JL.  in  normal  coordinates  i is  in  the  form: 


7 

L • \ 

~ {|  2 - w 2 4 2) 

i=l  15i  i *i  ' 

— _ — j 

f 5-11  ) 


where  tine  normal  frequencies  are  given  by: 

wj  = w,  = Uj  = 0 (Triple  degeneracy:  constant  rotation, 

constant  X translation,  and  constant 
Y translation) 


Lim  w -5 

**■ 

P — o 


[Uncoupled  mode:  angular  momenta 
of  booms  cancel  each  oilier] 


i 


■Cl 
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2 2 

2(mr  +P-|~)  ^ 

IK  a 


(r  + rn) 


r 


2 

o 


2 

-))  for  small  ~ « 


* 


1 


ac 


[ Couples  mode:  total  angular 
momenta  of  booms  is  nonzero] 


These  results  are  identical  to  those  obtained  in  the  previous  chapter. 

There  are  three  nonzero  distinct  frequencies  as  compared  to  two  nonzero 
distinct  frequencies  in  the  case  of  no-translation  formulation.  However, 
the  frequency  of  the  modes  with  translation  is  very  close  to  the  uncoupled 
mode  frequency.  A general  oscillation  composing  of  various  modes  there- 
fore exhibits  beats  phenomenon,  because: 


A ui 


+ ...  -1  > 

(S-12) 


which  gives  a beat  period  AT  of  die  order  of  over  one  thousand  seconds 
for  JOTS.  This  phenomenon  would  be  absent  in  a formulation  without  trans- 
lation. 
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CHAPTER  6 


OUT-OF-PLANE  OSCILLATIONS  (OPG) 


£ 


Notation: 

0 ■ center  of  hub 
t,  Z,  3,  4 ' exit  points  of  booms 
* spatially  t’i^dd  X-axis 
OPO  axis  of  hub  are  101  and  <104. 

w are  angles  subtended  by  io  with  the  horizontal  plane 
y angles  subtended  by  i-th  boom  with  the  corresponding  hub  axis 
0*  and  v.  are  defined  positive  if  counterclockwise  from  equilibrium, 

'as  viewed  at  4 or  l. 

x.  and  y^are  measured  in  a corotating  frame  about  X-axis:  *.  is  the 
'‘length  of  horizontal  projection  of  a lip  mass  from  0 on  the  Wrizontai 
plane. 


s spatially  horizontal 


i'i  w 


6.  i Coordinates  of  Tip  Masses 


= r.  cos  (6.  vji.)  + r.  cos  0. 


i i I I 0 i 1 

L=l. 

. = r.  sin  (0.  + 4>.)  + rn  stn  0.  J 

i i x i 0 1 


. a r.  cos  (0.  + + w)  + **,.  cos  (0.  + ff) 

11  11  U 1 


. a r.  sin  <0.  + + w)  + r sin  (0.  + *) 

li  it  0 t 


l‘-v 


• t 


a r cos  (0.  * «i».  > - (0.  + 6.)  r.  sin  (0.  + 4*.)  - 0.  sin  0. 
11  11  111  tttO 


. = r.  sin  (6  + 2>.)  + {0.  + 4»J  r.  cos  (0.  * 4*.)  + 0.  r,.  cos  0. 

11  i t 111  iitu  i 


1 )*.. 


. s -r  cos  (0.  _ + v ) +{0.  -*  9.)  r.  sin  (0.  * y.)  fr  0.  r sin  0. 

1 1 i-2  1 i-2  1 1 1-2  » t-2  0 i-2 


. = -r.  sin  (0.  A i>->  - t0  •>*  4»-)  r.  cos  (0.  4»-)  - ®-  cos  0. 

t t i-2  1 i-2  ! i-2  1 i-2  O i-2 


= l 


* Ey.  * 5 < (0.  * 4>. i“  4 0^  ?!*  * )?"  * 2r  0.  r 

it  i=l  ' 1 iitiO  ii0 


sm  y *20  (0.  * yj  r.  rrt  cos  y * - & tr.  sin  40.  * y .} 
1 1114  0 1 4 IS 


•*40  % y ) r cos  (<f\  i y M cos  0j| 

111  41  1 o » 


& U.*'  * iy  * - S |r.  <10  „*  v * r*  * r_ 

^ t s , ■ 1 i-2  4 i t-2  P 

'4  1*4 


> * 3 


* /" 


' J 'i  8i-2  r»  **"  vi  * i *(-2  ,8«-J  * r,  r<J  '**  v. 


- 22  ir  sin  IS  , * y ? * S0  Jy)  r cos  i6.  < y 

1 i-2  s ;-2  s 1 i-2  1 

0 , *•„  cos  0 ,)! 


Kinetic  Energy  K,  E.  of  the  system  due  to  OPO  = 

4 

• 2 *2  2 - 2 M • 2 

K.E.  - 1/2  ft.  * 1/2  L , 6L  + t n Z m.  (x.  + (y.  + X)  + 7. 

103  i 204  2 ..ii  i 2 

1=1 


where  1 is  moment  of  inertia  of  hub  about  103  axis. 

K is  about  204  axis. 

204 

y.  is  the  y- coordinate  of  i-th  tip  mass  without  translation. 
Z is  translation  of  hub,  (Z  and  y.  are  in  the  same  direction) 

i 


Potential  Energy  P.  E.  of  a tip  mass 

S miu&h 

= ro  (r  + r^)  r { 1-cos  >p) 


r cos  A 


hagrangian  L of  the  system  due  to  OPO  is 
L - K . E.  - P.  E. 

V*,Mtaa4^f  ** 

2 > •,  * > . , 

# 1/2  i«  Z fx.'*  f { y.  * a)**}  * l/2tn  Z f x.*  * f y * a)1"! 


- Z m w.-  ir  * r,J  r.  11  - eos  2»  J 
. Q ' i 0 t t 


L ^ S/i  I s '*  4 !/2  I.  I4  ‘ S/2  (r  e If."  * f#  * 4 r 
l i £2  ■ • Iti 

I 

• Z i.  .Z  ' « * 

4 * ’ r.  * g * 2 ft.  r,  If  sift  y>.  1 tft  m f & r] 

S S 5 0s  { 4 S ! 1 


??"-  X Z f r *tft  <0  « y.J  ^ (i  * v i r.  cos  i»  4 ii 
. , , ' S 3 t 5 S 5 i T* 

1 


m 2 £ if  sift  sft  4 V'  ) t !8  i i S ? gn$  |«  4 ^ l? 

k » « 4 I S is' 

3 - 5 


it  r-  ^ f , . | t it  - cos  | 


where  0„  = 0, 

3 1 

6 = 0 

4 2 


s = spring  constant 


6.2  Out-of-Plane  Lagrangian 


Including  deployment/retraction,  mass  density  of  wire,  spring  constant,' 
and  translation,  the  Lagrangian  L for  OPO  is: 


L = 1/2  I + 1/2  I2  02 


+ 1/2 


4 f , 2 2 r3  • • 2 

L | (m  + pr.)r.  + (mr.  + p_i  ) (0.  + 4>.  ) 

i=l  l 11  1 3 11 


•2  2 2 * , 

+ (m  + prj  (0^  r^  + Z ) + 20  ^ r^  [ (m  + pr^)  r^  sin4*. 


+ (0.  + 40  (mr.  + p ri  ) cos  4 1.  ] 

i i i P—  i 


; ■ ( 


(m  + pr.)r.  sin  (0.  + 40  + (mr.  + p i_  ) (0.  + 40.cos  (0.  + 40 

XX  XX  X ^ XX  XI 


z 2 { (m  t pr.)r.  sin  (0  + 40  + (mr.  + P i ) (6.  , , 40 

I li  1-2  i l T"  i-2  + i' 

i = 3 I 2 


(0.  ,+  40 

i-2  i 


4 3 ? 

M 2 2 H , 2 r r 

f — / - u,  L |(nir.  + p i ) -t  r (mr.  + p l 

6 u.  X ux_ 

i - 1 3 £ 


) |-  ( 1 -cos 


8 +l>] 


1/2  s 2 4». 


( 6-1  ) 


where  0O  = 0.  and  0^  --  0_ 
3 1 4 2 
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6.  3 Harmonic  Approximation 


We  now  simplify  the  Lagrangian  L for  the  purpose  of  finding  normal 
frequencies,  modes  and  coordinates.  We  assume: 


1)  r = 0;  no  deployment/retraction 

2)  r^  = r;  all  booms  are  of  equal  length 

3)  p = 0;  no  boom  wire  mass  density 

4)  s = 0;  no  spring  constant  (s  is  small  compared  to  centrifugal  force) 


5)  I = I because  of  r.  = r 

12  x 


2 

6)  an(3  z a rc  of  the  order  0(  € );  only  terms  up  to  0(  t ) are 


kept  in  harmonic  approximation.  Hence,  cos  4*.  = 1 - 4^2  + . . . 


Assumptions  3)  and  4)  are  for  the  sake  of  simplicity  in  algebra.  If 
we  are  willing  to  tolerate  some  slight  complexity  in  algebra,  we  can 
relax  the  restrictions  3)  and  4),  even  though  they  are  not  essential 
for  the  analysis  of  normal  modes. 


Thus,  the  Lagrangian  L simplifies  to: 

• 2 • 2 4 f 

L = 1/2  I (8  + 0 ) + 1/2  S 

i=l 


(n**  r.  +pfi  ) (0.  + 4».)  + (m  + pr.) 

3 1 1 1 


2 


' 2 2 .2  • • r-2  ib." 

(0.  r + z ) + 2 0.  r (0.  + i|0  (m  r,  +p  ) (1  - 1 ) 

l 0 x 0 x Tx  x r—  ' ~ 


+ Z 2 
i=i 


2 2 

(0.  + 40  (m  r + p_^  ) (1  - ) 

4 

- Z 2 

11  1 2 

i=3 

(0i_2+  \)  (m  r.  + 


P-T)  [I  - (8j-z  + ♦i2] 
2 2 
„2 


- 1/2  w*  2 
i=  1 


PT>  ro]  V 


2 r' 

[(m  r.  + P-—1  ) + (m  r.  + 
13  x 


. m -z  , ; ,2 

+ 2 z - 2 . S,  ’H. 

x=  1 


2 r3  2 2 

Since  J1T  r ^ + 2 [(m  r + Pj)  +(m  + pr)  rQ  + 2 (m  r + p|  ) r j 


is  a constant  in  case  of  no  deployment/retraction,  we  further  simplify 
the  Lagrangian  L to  the  following: 


L = 1/2  I (0.2  + 022)  + 1/2  m Z2 


(cont.  next  page) 
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(6-2  ) 


4 

+ 1/2  S 
i=i 


(m  + p-^  ) (2  0^  i{i  + ij^)  + (m  + pr)  Z^ 


i  2 (m  r + p-  ) r 0.  i, 

2 0 l Ti 

r2  ( ‘ 

+ Z (m  r + Py ) \ + 4^  + 4^  - 4^  - 

l 3 

2 2 r“  “*•  2 
- 1/2  [w  (m  r +p|  + r {m  r + p|  ))  + s]  2 4>/ 

i=l 


In  matrix  notation,  the  Lagrangian  in  harmonic  approximation  is: 


♦ v » » * 


L = 1/2  ( ^ 4^2  4^  0t  02  Z) 


1/2  ( *2  4' 2 4^  e1  o2  Z) 


fa 

0 

0 

0 

b 

0 

3 

+d 

t 

fi 

0 

a 

0 

0 

0 

b 

+d 

% 

0 

0 

a 

0 

b 

0 

-d 

0 

0 

0 

a 

0 

b 

-d 

& 

b 

0 

b 

0 

c 

0 

0 

0 

b 

0 

b 

0 

c 

0 

+d 

+d 

-d 

-d 

0 

0 

2* 

Lz  J 

V 

rq 

0 

0 

0 

0 

0 

J 
0 ' 

r ♦v 

\ 

0 

q 

0 

0 

0 

0 

0 

0 

0 

q 
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0 

0 

0 

0 

0 

0 

q 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

ei 
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Z 

0 
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0 

0 
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0 

0 

0 
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0 
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0 

0 

0 

\_ 

1 

, 2 r' 

where  a = m r + p — 


2 r r 

b = m r + p—  + rQ  (m  r + p—  ) = a + rQ  d 


0=1 


IT 


d = m r + p- 


= M + 4 (m  + p r)  =*  M + 4m 

3 2 

2 2 r 

q = WQ  fm  r + p-  + rQ  (m  r + p-  )J  + s 


The  Lagrangian  has  been  written  in  such  a form  that  the  matrices  j T | 
and  [V]  are  manifested. 
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L=m<*r..4  [T]  ] - 1/2  ( *i*1 ...  Z)  [VJ  [^] 


where: 


[T]  = 

a 

0 

0 

0 

b 

0 

+d 

0 

a 

0 

0 

0 

b 

■td 

0 

0 

a 

0 

b 

0 

-d 

1 0 

0 

0 

a 

0 

b 

-d 

b 

0 

b 

0 

c 

0 

0 

1 0 

b 

0 

b 

0 

c 

0 

;+d 

+d 

-d 

-d 

0 

0 

m 

u 

[V]  = 

r 

q 

0 

0 

0 

0 

0 

(P 

0 

q 

0 

0 

0 

0 

0 

0 

0 

q 

0 

0 

0 

0 

0 

0 

0 

q 

0 

0 

0 

0 

0 

0 
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0 

0 

0 

0 
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0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

J 

From  symmetry  considerations 

, or 

other  metho( 

matrix  has  the  form: 

r 

[B]  = 

0 

0 

0 

1 

0 

-1 

-1 

0 

0 

0 

0 

i 

1 

-1 

0 

0 

0 

1 

0 

+1 

1 

0 

0 

0 

0 

1 

-1 

1 

0 

0 

l 

-Q 
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0 

0 

0 

l 

0 

0 

-a 

0 

0 

1 

0 

0 

0 

0 

0 

p 

( 6-3  ) 


y 


( 6-4  ) 


corresponding  to  the  seven  modes:  pure  translation,  pure  hub  rotations, 
coupled  oscillations,  saddle  mode,  and  jelly-fish  mode,  respectively. 


The  unknown  quantities  a and  (3  can  be  found  by  considering  conserva- 
tions of  angular  and  linear  mementa,  For  the  coupled  mode  (4th  or  5th 
column  of  B),  the  sum  of  angular  momenta  of  booms  and  hub  is  (see 
Appendix  B) 

3 2 ‘ 

I1T  0 + 2 [m  r + p|-  + rn  (m  r + pf  )]  ^ = 0 


0 


so  that 


2b 


IT 


Thus,  for  4^  = 4^  - 1,  we  find  a 


2b 

c 
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, .v.iv.Wsvi" 


I 


i- 


For  the  jelly-fish  mode  (7th  column  of  B),  conservation  of  linear  momentum 
gives: 

• 4 r 2 ' 

M Z=  2 [{m  r.  +p i ) 4* • cos  4J.  - (m  + pr.)  z] 

i=  1 1 2 1 1 1 
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n o 
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0 0 
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2tr 

0 2(a ) 0 
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0 

0 
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0 

0 
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0 2(a-—  ) 0 
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0 
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0 
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4a 


0 

0 

0 

0 

0 

0 


0 4(a 


4d 


WJ/ 


which  is  diagonal  but  not  unity  because  B has  not  yet  been  normalized. 
Normalized  Orthogonal  Matrix  [B]  is: 

[ B ] = | - - - ”3  "4  ”5 

5 
5 
5 


where  n 
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0 
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n2 

2b 
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C 

0 
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0 

n2 

0 
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0 

0 

nl 
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0 

0 

0 

4d 

n 
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1 M 
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2 \[T~ 

IT 


t 
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n4 
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2(a-b^/c) 

1 


\JH 

1 


JZ 


4d 

n 


(a,  b,  c,  d,  "hi  are  defined  on  Page  69) 


T 


This  matrix  (Bl  satisfies:  [B]  [T]  [B]  = I 
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Now  we  can  define  a new  set  of  coordinates  [t.  \ related  to  the  original 
coordinates  . , . , zj  by  the  following  equation; 


CD 

• 

s 

• 

PQ 

n 

10 

iu 

where  [£.^are  the  normal  coordinates. 

The  kinetic  energy  in  terms  of  these  normal  coordinates  is: 
K.E.  = 1/2  (4)T  (B)T  (T)  (B)  (4) 

But,  the  unusual  orthogonality  relation  is: 

[B]T  [t]  [B]  = I 

Hence,  the  kinetic  energy  in  normal  coordinates  becomes: 


where:  [£]  = [B]  [41] 


The  inverse  [B]  * is  calculated  in  Appendix  G.  It  is: 
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A 

1 

A 

A 
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U 
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1 

1 
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0 

0 

0 

4n4 

4n4 

4n4 

1 

1 

1 

1 

0 

0 

0 

^ 4n5 

’4n5 

4n5 

4"5 

J 

( 6-6  ) 


( 6-7  ; 
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jin 


where  a,  b,  c,  d,  J){  , n^,  ...  n5  are  defined  on  pages  70  and  73, 
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i 
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J_ 
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IT 
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Isu  IlO 
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\fm  r 
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Lim  -1  = ELl.  Em 

p-^04n5  ^ yM  ■(  4m 
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In  the  Limit  p-»0,  the  normal  coordinates  are: 
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6.  4 Potential  Energy  Orthogonal  Transformation 
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Thus,  in  normal  coordinates,  the  potential  energy  is: 


RE.  ' 1/2  <£8.,.  4U)  (B)  (V)  (B) 


^8‘  * * ^14^ 
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14 


14 


in  normal  coordinates. 


* • the  Lagrangian  L in  normal  coordinates  is  in  the  form: 


( 6-9  ) 


where 

the  normal  frequencies  are  given  as  follows: 

^8  = W9  = = 0 (Constant  translation,  and  constant  rotations] 


Uncoupled 
Saddle  Mode 


.Jelly-Fish 

Mode 
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Limit  p — * 0 


Lim  a = m r 
P-0 

Lim  b = m r (r  + r ) 

P-0  ° 

2 

Lim  I - 11A  + 2m  (r  + r ) 

P-0  1T  i0  0 

Lim  d = mr 
P —0 

2 

Lim  q - ^ mr  (r  + r^)  + s 

2 2 

For  s small  compared  to  mr  (r  + rQ),  q — “ mr  (r  4-  rQ). 

Thus,  the  out-of-plane  natural  frequencies  in  this  limit  and  harmonic 
approximation  are: 

= uj  = w ^ a 0 

Coupled  Mode 
Uncoupled  Saddle  Mode 
Jfelly-Fish  Mode 


CHAPTER  7 


UNEQUAL  LENGTH  BOOMS 


7.1  Boom  Pairs  of  Unequal  Length,  Normal  Modes  without 

T ranslation 


New  oscillation  frequencies  and  modes  emerge  if  the  boom  pairs  be- 
come unequal  in  length,  after  deployment/retraction.  For  large  ratio 
of  hub  to  tip  masses,  good  approximation  can  be  achieved  for  a formu- 
lation without  tr  'ation.  As  discussed  in  earlier  chapters,  there 
are  usually  two  approaches  to  solve  an  oscillational  dynamics  problem 
analytically:  (1)  evaluate  the  secular  determinant  to  find  eigenvalues 

and  eigenvectors;  (2)  write  down  the  mode  matrices  from  symmetry 
considerations  and  perform  orthonormal  transformations. 

Because  of  the  asymmetry  of  the  system  for  this  case,  it  is  reasonable 
to  follow  approach  (1)  first,  i.  e.  , to  find  the  natural  modes.  The 
second  approach  wiil  be  attempted  later  with  translation  included. 


In  harmonic  approximation,  with  no  damping,  the  total  Lagrangian  L 
of  the  system  without  translation  is: 

L = L0  + i L. 

X = 1 


where 


Lo-U2lo° 

T T 

L.  = 1/2  (mr.  + p— — ) ^ + 0[(mr.  4 p — + 

i i 2 3 x 3 x 3 

r'  , >2  2 ri 

+ (mr.  +p— ~ ) rQ  cos  4>.  4]  + 1/2  0 [(mr.  + p-y-  ) + 


+ (m  +pr.)  r + 2(mr.  + p-~  ) r cos  4». ] 
x 0 i 2 0 x 


(7-1) 


where  r^  = r^  = r,  and  r^ 


r^  = r'  (let  r'  > r).  Thus,  ignoring  damping 


terms,  the  Lagrangia>'  L in  terms  of  the  five  generalized  coordinates 


3 ** 

r.  'i 

♦i 

s' 

L = 1/2  ( $ 

.0')  (T) 

0 1 

V.  - 

- 1/2  ( 4 t . . .0')  (V) 

6' 

(7-2) 
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+ rQ  (mr1  + Py  } 


+ 2 (mr^  + p-£—  ) rQj 


p * (mr  + p-r-  ) r 


0 0 * 


r1  2 

P*  » (mr1  +P~)  rQ  wQ 


(Let  r'  > r,  so  that  a‘  > a,  b*  > b,  p*  > p] 

The  Lagrangian  L leads  to  the  Co Uo wing  Cive  equations  of  motion: 

3 S 

T T. , $.  * £ V..  f.  = 0 (i=t,...$)  where  4-  denotes  ft’. 

j«l  Vi  1 >1  '>  } 

I'or  bseiliatory  asoiion  near  the  equilibrium,  the  solutions  tt=i*> 

1 1 1 

pspf-iujt)  can  be  tried,  leading  to  the  following  simultaneous  equations: 

S 

% (V..  - w“  T . f ) = 0 

jsi  *i  Yi  »i  TJ 

Nontrivial  solution*  c*i»t  if  the  vanishing  condition  of  the  secular 
determinant  is  satisfied. 
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which  can  be  evaluated  by  using  Laplace's  expansion.  The  result 
is  a fifth  order  equation  in  </: 

2 2 2 2 2 
w (a  u ■■  p)  (a1  u - p')  [ c (a  to  - p)  (a'  to  - p')  - 


,.2  2 . , 2 2 2,2  . 

2b  to  (a1  to  - p')  - 2b'  u (au  - p) ] = 0 


(7-5) 


Thus,  the  eigenfrequencies  are: 


w = 0 


= / p/s 


= yp'/a' 


to  and  o-  are  not  quite  as  simple  as  the  others,  but  they  satisfy  a 

4 , . 5 2 
quadratic  equation  in  to  : 

_c_  b2 

2 2 + 

2u  a oj  - p 

with  the  solutions: 


b' 
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a'  to  - p' 


(7-6) 


“4f.  -Bt[B2-4App'c] 

-s)'  2A 


(7-7) 


2 2 

where  A = caa1  - 2 (b  a'  + b'  a) 
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R = 2(b^  p'  + b1^  p)  - c (pa1  + p'a) 


In  the  lim.i.  p—0,  the  eigenfrequencies  are: 
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The  modes  corresponding  to  each  eigenfrequencv  u.  are  determined  by 
the  equations  of  motion: 

2 2 
(aw  - p)  (ij  + bw  0'  = 0 

(a'c;2  - p')  i>2  + b' w2  6'  = 0 

(a  oj2  - p)  + bu>2  0'  = 0 (7-7) 

(a1  oj2  - p')  + b‘  w2  01  =0 


b(<|>1  + 4>3)  + b’(4>2  + + C0'  = 0 

Mode  1:  w = w = 0,  0'  = j)^  = 0 (i  = if  ...  4)  which  implies  no  oscillation. 

Mode  2:  w = = /p/a  , ^ = ^4  = °*  6'  ~ 0 

Mode  3:  w = = /p1  /a'  , ^ = ^3  = 0.  <j>2  = - <|>4,  01  = 0 


These  two  modes  (2  and  3)  are  uncoupled  modes  because  hub  rotation 
is  unaffected.  Their  frequencies  are  not  new,  and  for  finite  hub  mass, 
there  is  translation  involved. 

Modes  4 and  5:  These  two  are  coupled  modes.  Equation  (7-7)  gives: 


> = 4>  = - 

1 3 


a u>  - p 
2 


*2  = *4 


b'  u 


(7-8) 


a' w - p' 


where  w satisfies  equation  (7-6)  for  these  modes.  Therefore, 


2 2 
U)  _ U) 

b a'  3 


b'  a 2 2 

w _ w 

2 


(7-9) 


There  are  two  roots  of  equation  (7-6).  Without  working  out  the  details 
ol  the  explicit  solution,  we  can  analyze  their  behavior  by  plotting  to- 
gether the  L.  H.  S.  and  the  R.  H.  S.  of  the  equation. 
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L.  II.  S. 
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R.K.S. 


2 u/ 
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b2  / a 


b|2  / a1 

+ 2 2 
CO  ~ co„ 


( 7-10 


Figure  5.  Locations  of  Modes  4 and  5 Frequencies 
L,  H.  S.  curve  is  denoted  by  * 

From  Figure  5,  one  observes  that  the  higher  coupled  frequency 

is  higher  than  both  uncoupled  frequencies  and  w^,  while  the 

lower  coupled  frequency  w is  intermediate  between  co  and  w . 

b c.  j 

For  mode  4,  > co^  > so  that  equations  (7-8)  and  (7-9)  give  the 

mode  pattern:  ( <p , $>',  <j>,  4> 1 , -0'),  i.  e.  , all  booms  move  in  the  same 
direction  with  the  same  frequency  in  phase  pairwise,  while  the  hub 
moves  in  opposite  direction. 

For  mode  5,  equations  (7-8)  and  (7-9)  give  the  mode 

pattern:  ($,  - <j> 1 , <p , -<{>',  0'),  i.  e.  , booms  adjacent  to  each  other  are 

completely  out  of  phase,  and  therefore  oscillate  with  the  same  frequency 
despite  unequal  lengths,  while  the  hub  is  in  phase  with  the  short  pair  of 
boom  s . 
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7.2 


Four  Booms  All  of  Different  Lengths 


The  normal  modes  of  a heavy  rotating  hub  with  all  four  booms  of  dif- 
ferent lengths  can  be  found  easily  by  using  the  secular  determinant 
method,  in  the  "no  translation"  approximation,  the  error  introduced 
by  neglecting  translation  is  of  the  order  of: 


4 4 

v m.  / (M.  + v m. ) 

. “ i 0 i 

i=l  i=l 

as  discussed  in  Chapter  4.  For  satellite  1975,  this  ratio  is  less  than 

1.6%. 


The  method  given  in  Section  7.  1 yields  a secular  determinant  condi- 
tion for  the  case  of  all  different  boom  lengths: 
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[Let  r^<  r2<  r3<  r4  SO  unc°upled  frequencies  co.  satisfy: 


w 4 > co  > GO  > GO. 

12  3 4 
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where: 


n s '/V7!  wo 


which  is  the  uncoupled  frequency.  J 


The  5x5  secular  determinant  can  be  evaluated  without  difficulty  using 
Laplace's  expansion.  The  result  can  be  further  simplified  by  dividing 
throughout  by:  ^ 4 2 

w . (a.  w - p.)  , to  the  form: 


(7-12) 


Instead  of  seeking  explicit  solutions  for  this  4th  order  polynomial 
equation  in  , it  is  most  illuminating  to  plot  the  L.H.  S.  and  R.H.  S. 
of  the  equation  against  in  order  to  understand  the  properties  of 
the  roots. 


Figure  7.  Frequency  Location  of  Modes  2,  3,  4 and  5 for  a heavy 
hub  with  four  booms  of  different  lengths.  L.  H.  S.  of 
Equ.  (7-12)  is  denoted  by  * curve.  [The  trivial  root 
w-  0 of  Equ.  (7-11)  is  not  shown.  ] 
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It  should  be  pointed  out  that  all  four  modes  are  coupled  modes,  with 
slight  translation  due  to  unbalanced  boom  lengths.  All  £2.  are  higher 
than  uncoupled  u>. , respectively.  In  case  the  hub  becomes  infinitely 
heavy  Lim  Q.  -»  w.  assymptotically. 

C~*  ® 

The  mode  shapes  can  be  found  by  using  Equ.  (7-7)  for  each  S2..  The 
schematic  diagrams  of  the  normal  modes  of  a heavy  hub  with  four  booms 
of  different  lengths  are  displayed  below: 
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\i 

~ o 
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w = 12^=0 

u>  — 12  ^ 

w =^4 

w = 12  5 

Figure  8.  Mode  Shapes  of  a heavy  hub  with  booms  all  of  different  lengths. 

Note  that  for  oscillations  in  a pure  mode,  all  booms  and  hub  oscillate  with 
the  same  frequency,  not  withstanding  the  unequal  lengths  of  the  booms. 
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7.  3 


Unequal  Boom  Pair  Lengths,  with  Translation 


In  matrix  notatation,  the  Lagrangian  in  harmonic  approximation  as 
given  in  Chapter  5 is  generalized  for  the  case  of  unequal  boom  lengths  to: 


1 » • * « »/  « / 0/ 
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where 


a = mr^  + pr^/3 


b = (rar^  r pr^/3)  + r (mr  + pr^/2) 


c = IT  (<j>.  = 0) 


Ti 

w 

^2 


e' 


x'1 


V. 


Y71 


♦i 

*2 

*3 

*4 


i 0 


X 


J 


d - (mr  + pr^/2)  sin 
e = (mr  + pr'/2)  cos  w^t 
7%  - M + 4m 

2 2 

p = (mr  + pr  /2)  r w 
1 o o 


q = 2 (mr  + pr^/2)‘‘ 

P = P + q 


and  the  subscript  1 stands  for  functions  of  r^  in  place  of  r (r  •/  r^). 
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From  symmetry  considerations,  with  guiding  light  shed  from  the  preceding 
sections,  the  orthogonal  matrix  [ B ] can  be  written  down: 


[ B ] 


0 0 0 0 -1 


Hu  IV 


0 0 0 1 0 1 1 

0 0 0 0 1 IV  (V 

0 0 0 -1  0 1 1 


1 0 Q 0 0 


(7-13) 


0 f,  -g  0 0 

1 g,  f 0 0 

.J 

corresponding  to  the  seven  modes:  pure  rotation  with  no  boom  oscillation, 
pure  translations  with  no  boom  oscillation,  uncoupled  modes  with  trans- 
lations, and  coupled  modes  without  translation. 


0 1 
0 0 


The  unknown  matrix  elements  (£,  g,  etc.  ) can  be  determined  by  considering 
conservation  of  linear  and  angular  momenta.  For  the  first  translation  mode 
(4th  column  of  B),  linear  momentum  conservation  gives: 


A'g 
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L'  ( mr . + pr^/2)  sin  ( 0 + + 6 . ) 4>- 

L=  1 1 1 

4 

T (mr:  + pr.^/2)  cos  (0  + 0.  + 6.)  4>. 

1 1 Ti  11 


• • 

with  <j>^  = = 0 and  ^ = - <p4  = 1.  Thus,  we  find 

f = 2 ef/r  , f^  = 2ei//< 

g = 2d /•/>•  , gl  = 2dt/^ 

r2 

where  d = + P-r-  ) sinw  i 

w O 

2 

e = (mr  + Pdj — ) cos  uQt 


= d(r  — rt) 
e1  = e(r— rj) 
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For  the  coupled  modes  (last  two  columns  of  B),  the  sum  of  angular  momenta 
of  booms  and  hub  is: 

b{  + $3  ) + b^(  <$2  + $4)  + ctf  = 0 

so  that 

2 ( bp  + b^  ) + cv  = 0 (7  - 14) 


where  (a  is  the  ratio  of  amplitudes  for  booms  (1,  3)  to  booms  (2,4).  The 
unknowns  p,  v are  also  linked  by  the  first  four  equation  of  Equ.  (7-7),  via 

w 2 


Pi 

ai  + ^1  v 


PM 

ap  + bv 


(7  - 15) 


Equations  (7-14)  and  (7-15)  together  yield  quadratic  equations  in  p and  v : 


It  follows  from  Equ.  (7-16)  that,  in  particular,  the  product  of  roots  of  p is: 


Hj.  M- 


Pi 

P 


(7-18) 


Substituting  this  result  into  Equ.  (7-15)  yields: 


M+  (ap_  + bv  ) = - (a}  + b^v  ) 


(7-19) 


Explicit  solutions  of  p and  v (Equ.  7-16,  17)  are  given  by: 


M±=  2 


I [-B±/ 
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2 +1EL 


1 r 

2 L 


-Bv±  J - 8(a jp  -pja)/pc  J 


(7-20) 
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where 


B 


In  the  limiv  -►  r,  we  have  -►  a,  etc,  so  that  , for  equal  boom 
lengths. 


Lim  = ±1 

rl  - r 


Lim 
rl  - r 


* 

0 

-4b/c 


But  limiting  values  of  the  mode  variables  for  equal  boom  length  case  are 
(Chapter  3 and  4) 


( -1,  1,  -1,  i,  0,  0,  0) 


and  ( 1,  1,  1,  1,  -4b/c,  0,  0) 


Thus,  the  correct  combinations  of  y and  v for  unequal  boom  length  cases 
are  identified; 

( » 1»  u_,  0,  0) 

and  ( u+,  l,  p+,  1.  0,  0) 

where  ^ and  v±  are  given  in  Equ.  (7-?0i 
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7.4 


Diagonalization  of  T-matrix 


The  orthogonal  matrix  [ B ] should  satisfy  the  unusual  orthogonality 
relation: 


[ B ] [ T ] [ B ] 


(7-21) 


If  [ B ] is  noi  normalized,  then  the  unity  matrix  I is  replaced  by  a diagonal 
matrix. 
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which  is  diagonal  but  not  unity  because  [ B ] nas  not  yet  been  normalized. 
1'he  normalized  orthogonal  matrix  ( B J is: 
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where  the  symbols  a^.  Cj.  etc.  are  defined  on  page  *90. 
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It  is  readily  verified  that  this  orthonormal  matrix  satisfies  Equ.  (7-19). 

Now  we  can  define  a new  set  of  coordinates  { related  to  the  original 
coordinates  ••••  Yf  by  the  following  equation: 


• 

• 

= [B] 

• 

• 

• 

L'sJ 

(7-23) 


where  £ are  the  normal  coordinates.  The  kinetic  energy  T in  terms 
of  these  normal  coordinates  is: 
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The  inverse  [ B]_*  is 

calculated  in 

Appendix  H 

It  is 
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where 


The  orthogonal  transformation  of  the  potential  energy  V-matrix  by 
the  same  B matrix  determined  in  the  preceding  section  gives: 
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The  matrix  elements  (6.7)  and  (7.6)  are  zero  because  of  Equ.  (7-18). 
Matrix  element  (6.  6)  can  be  written  as: 


2 

PM-  +Pt  Pi  PR_ 

or  

R_(aR_  + bv+ ) + a.  + b,v+  + b- a u_  + bu_ 

by  virtue  of  Equ.  (7-15).  Similarly,  matrix  element  (7.  7)  can  be  written 
as: 

PR+ 

ap+  + b v_ 

where  v±  and  (Jj.  are  solutions  of  the  quadratic  equation  (7-17),  and  are 
given  in  Equ.  (7-20). 


■&j  + bjLv_ 


or 


In  normal  coordinates,  the  potential  energy  is: 


As  a result  of  the  orthogonal  transformation,  the  Lagrangian  L becomes 
formally  simple  and  elegant: 
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where  a,  b,  p,  etc,  have  been  defined  in  Secion  7,  3,  and  v_j_  are  given 
in  equ.  (7-20).  Their  limiting  values  for  vanishing  wire  mass  are  as 
follows: 
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CHAPTER  8 

ENGINEERING  ASPECTS 


For  computational  analysis  of  the  satellite  dynamics,  the  usual  inertia, 
damping,  and  stiffness  coefficients  of  the  interacting  components  must  be 
known.  The  figures  selected  here  have  been  obtained  from  the  principal 
investigators  and  from  Boeing  Wire  Boom  Feasibility  and  Mass  Properties 
reports.  [ 1»  2 ] 

8.  1 General  Physical  Parameters 


The  satellite  hub  weight  is  four -hundred  ninety  (490)  pounds.  The  moment 
of  inertia  about  the  spin  axis  is  one-hundred  fifteen  (115)  slug  ft^.  For  out 
of-plane  oscillations,  transverse  moments  of  inertia  about  the  boom 
axes  (i.  e.  about  hub  diagonals)  are  taken  to  be  eighty  (80)  slug  ft^. 

Each  tip  mass  is  a three  (3)  inch  diameter  sphere  with  a weight  of  two  (2) 
pounds. 

The  wire  connecting  each  tip  mass  to  the  center  body  is  RAYCHEM 
TRIAX  Cable  EPD-1763,  Kynar  insulated.  The  wire  diameter  is  0.  2 
cm.  and  weight  is  0.00635  lbs/ft. 

The  wire  booms  are  effectively  anchored  at  points  which  are  2.  67  ft. 
from  the  hub  center  or  spin-axis.  This  is  the  hub  radius  rQ  in  the 
analysis.  Wire  boom  movements  are  assumed  to  occur  through  bending 
of  the  wire  at  these  anchor  points. 

8.  2 Stiffness  and  Damping  Parameters 


Four  (4)  physical  parameters  are  required  to  define  the  coupling  and 
interaction  of  the  wire  booms  with  the  satellite  hub.  These  are: 

1)  Wire  stiffness  or  angular  spring  constant  S 

2)  Internal  wire  damping  due  to  inelastic  bending  of  the 
wire 

3)  Atmospheric  drag  damping 

4)  A special  Coulomb  damper  designed  to  increase  wire  boom 
energy  dissipation  through  Die  hub 

In  order  to  determine  these  parameters,  except  for  atmospheric  drag, 
special  experiments  were  conducted  by  the  principal  investigators  and 
disseminated  to  the  writers  for  the  purpose  of  this  study. 


A summary  of  the  essential  results  and  a derivation  of  the  coefficients 
is  given  belcw.  Determination  of  these  coefficients  is  rendered  extremely 
difficiilt  due  to  the  presence  of  gravitational  forces  and  large  atmospheric 
drag,  factors  that  will  not  be- present  in  flight.  These  large  effects  are 
discounted  by  studying  the  result  of  appropriate  changes  in  the' experiment 
conditions. 


8.2.  i Wire  Stiffness  S 


fv 


A spring  scale  reading  of  6 gm  at 
a 9. .5  cm  distance  from  the  sus- 
pension point  gives  a deflection  of 
8 degrees  in  the  wire 


S x 8/57  = 6 x 980  x 9.  5 
.*.S  * 4 x 10J  gm.  cm2/  sec2 


8.2.  2 Two  types  of  pendulum  damping  experiments  were  conducted. 

One  was  with  short  wire  lengths  where  air  drag  could  be  neglected.  The 
other  was  with  wire  lengths  comparable  to  those  in  the  actual  case. 

Here  air  damping  is  predominant,  and  the  Coulomb  friction  damper  was 
also  experimented  with.  In  all  cases  a tip  mass  of  220  gms.  was  used 
to  approximate  the  force  of  a 2 lb  tip  mass  under  actual  operating 
conditions  ( 30  - 50  ft.  wire  length,  3-4  RPM  centrifugal  force  field). 

The  usual  second  order  differential  equation  gives  the  relationship 
between  the  desired  parameters  and  the  observations: 

( m + Pj~)  r2  '<|>  + <j>  +..,.<{>  =0 


> * | 

In  the  form  $ + 2p<}>  + . . . . $ ~ 0 , we  have  the  damping  time  constant 
T given  by  J L.  = P = j K^,  / (mr2  + pr3/  3) 


If  an  experiment  is  conducted  for  T secs  during  which  n complete  oscillations 
occur,  with  initial  amplitude  and  final  amplitude  <$n  we  further  have 


4> 
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OR, 


P = 
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Test  1:  L = 50.  135  cm 


k 

i 

r*\ 


! 

220 


Time  (sec) 

No.  of 
Swing  s 

P ~i 

sec 

grrucmVs 

o 

10. 6y 

0 

- 

42.7 

6.  08 

30 

.0131 

14, 250 

52.75 

5.  32 

37 

.01314 

14,  300 

Test  2:  L - 26.  535  cm 


Time  (sec) 

0° 

No.  of 
Swing  s 

sec 

"S 

gm,  cnr/sec 

0 

16.  13 

0 

- 

- 

30.0 

6.  38 

30 

.031 

9,  600 

49.0 

3.  185 

49 

.0331 

10,200 

The  higher  damping  figure  in  Test  1 may  be  attributed  to  the  air  damping 
with  the  longer  wire  length.  However,  this  effect  must  be  fairly  small 
since  the  calculated  K does  not  decrease  as  the  amplitudes  diminish. 

The  wire  damping  due  to  angular  bending  about  the  suspension  point  is  es- 
timated at  = 10,000  gm  cm^/sec, 


p^njP'T. 


, r^.Trv^v  i"^* v.^v*^' . 


b)  This  experiment  attempted  to  differentiate  between  the  effects  of  the 
special  Coulomb  friction  damper,  the  internal  wire  damping  with  the 
normal  suspension,  and  the  ever-present  air  damping,  by  running 
a special  test  with  a -knife  edge  suspension  and  no  damper. 

In  all  cases  the  pendulum  period  was  6 secs,  corresponding  to  a 
pendulum  length  of  892  cm  or  352.  35", 


m r2  + -rp—  = i.  82  x 108  gm  cm2 


. 

Test  i 

Normal  suspen- 
sion incl.  damper 
and  wire  damping 
K* 

' ‘ . 

Test  2 

Normal  Suspen- 
sion, no  damper, 
but  wire  damping 
K<t> 

Test  3 
Knife  edge 
No  damper 
No  wire  damping 

Amplitude 
at  swing  #8 

4'  4.  25" 

4'8" 

4]4f 

Amplitude 
at  swing  #31 

i'8" 

i'  10.75" 

1' 9. 5" 

* 1 i *0  -1 

p=6S3ln^rsec 

0.00695 

0.0059 

0.  0064 

Damping 
gm  cml 2 */sec 

WkA=2*f2x 
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k0+kA  =2.  15xl06 

kA=  2.  32x1 06 

' 

where  is  the  wire  damping,  kD  is  the  Coulomb  damping,  and  kA  is 
the  effective  air  damping. 


Comparison  of  Test  2 with  Test  3 results  in  a negative  kQ  which  is  impossible. 

It  is  concluded  that  k^  is  so  much  less  than  the  air  damping  k^  that  tests  2 
and  3 are  equivalent.  The  previous  experiment  gave  k = 1.  0 x 104  gm  cm2/sec 
which  confirms  the  conclusion. 

l est  1 then  gives  k^  in  the  range  2.0  x 105  to  3,  7 x 1C5  gm  cm2/eec. 

This  result  and  therefore  all  of  this  second  experiment  is  useful  only  as 

a reasonableness  check.  The  Coulomb  damper  is  an  order  of  magnitude 
less  than  the  sea  level  atmospheric  damping.  Further,  while  the  initial 

swings  were  in  excess  of  8°  angular  deflection,  the  amplitude  at  swing 

number  31  {about  3°i  shows  that  the  damper  is  barely  active.  A more 

exact  representation  of  the  Coulomb  damper  is  provided  in  part  (4)  below. 
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8.  2.  3 It  is  readily  established  that  atmospheric  drag  should  be  a 
negligible  factor  in  the  dynamics  of  the  1975  satellite.  A conservative 
calculation  is  carried  out  below  to  compare  atmospheric  drag  torque  on  a 
wire  boom  with  the  wire  damping  torque. 

3"  diameter  sphere  at  tip,  booms  of  50'  length  and  0.2  cm  wire  diameter. 
Assume  200  km  satellite  altitude,  winter  season,  1700°  K exospheric  tem- 
perature. Also  assume  that  the  booms  are  oscillating  with  an  amplitude 
of  0.  2 radians  at  a frequency  of  0.  03  cps. 

Sphere  cross-section  = 45.  5 cm^ 

Wire  cross-section  = 305  cm2 


Maximum  velocity  at  tip  mass: 

= 50'  x 12"  x 2.  54  x 0.  2 x . 03  x 2 tr 
= 57.  5 cm/sec 


4 0 O 

Atmospheric  density  p = 4 x 10  Jgm/cm 


Drag  force  = 


CD  PA 


V 


For  drag  coefficient  Cd  = 2,  and  lumping  the  cross-sectional 
area.  Maximum  drag  force 

2 x 4 x 10“i3  x 350 

- . - x (57.  5) 

-7  2 

= 4.  6 x 10“  gm  cm/sec 


Maximum  drag  torque 

= 4.  6 x 10-7  x 50  x 12  x 2.  54  - 7 x 10"4  gm  em^/sec4' 


Comparing  with  wire  damping  torque: 

i 

Maximum  angular  velocity  <$> 

= 0.  2 x . 03  x 2b  - 0.  0375  rad/sec 
Maximum  torque  due  to  wire  damping  alone 
- k^  $ = 104  x 0,0375  - 375  gm  cm2/  see2 

Therefore  atmospheric  drag  torque  is  extremely  small,  even  when 
compared  with  other  low  forces. 
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H.  2.4  The  Coulomb  friction  damper 


The  Coulomb  slider  has  been  tested 
and  requires  a force  equal  to  4 gms 
to  overcome  friction  and  maintain 
a sliding  motion.  The  maximum 
end  to  end  movement  of  the  wire 
at  the  slider,  and  thus  also  the 
slider  is  1.23  cm.  The  distance 
D between  the  point  of  suspension 
and  the  slider  is  9.  5 cm. 


Since  the  wire  boom  length  is  in  general  so  much  greater  than  the  distance 
D,  the  angle  $ between  the  wire  and  the  normal  may  be  taken  to  be  the 
same  at  the  suspension  or  at  the  slider.  For  a tension  T in  the  wire,  the 
lateral  force  on  the  slider  is  given  by  T sin  $.  As  an  example,  a 2 lb  tip 
mass  on  a 50’  wire  spinning  at  3 RPM  will  overcome  the  coulomb  friction 
when  the  wire  deflection  exceeds  1.  7°. 

= sin'1  (±JL2SS)  = 1.7° 

If  the  coulomb  slider  comes  to  rest  for  some  wire  deflection  , it  would 
move  again  only  when  the  angle  $ + $c  or  ~ ♦c  provided  of 

course  that  the  limit  stops  permit.  Note  that  when  the  slider  reaches  the 

limit  stop  for  <t>  > 3.  7 + 4>c  (i.  e.  tan-l  ( --A1.5  + ^ ),  the  damper  becomes 

9.5  c 

inactive.  The  non-linear  characteristics  described  are  implemented  in  the 
program. 
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A reasonableness  check  for  the  value  of  kD  obtained  in  part  (2b)  above  with  the 
characteristics  given  here  can  be  made  using  energy  diss  ipation  consider- 
ations: 

The  pendulum  experiment  in  2 had  a 6 sec.  period  and  an  average  amplitude 
of  3 feet  or  0.  1 radian.  Energy  dissipated  per  cycle 

= JkD  '♦  d <t> 

Let  = . i sin  t.  Then  d <£  = . i cos  t dt 


/.Energy  dissipated  per  cycle 

3 x 105  x .01  cos2t  dt  ~ 104  gm  cm^/sec2 


•J 


Energy  loss  in  the  Coulomb  damper  per  cycle 

= force  x distance 
= 4 gm  x 980  cm/sec2  x 1.23  cm  x 2 
~ 104  gm  cm2/  .ec2 


This  confirms  that  the  characteristics  determined  above  should  provide 
a consistent  set  of  parameters  for  the  calculation  of  the  S3-2  satellite 
wire  boom  dynamics. 


8.  3 Estimate  of  Performance  --  Damping  of  Large  Disturbances 

For  moderate  deflections  of  the  wire  booms,  the  behavior  of  the  satellite 
will  depend  upon  the  oscillation  modes  that  are  excited.  Based  on  whether 
there  is  translation  of  the  center  body  different  frequencies  will  be  evi- 
denced. The  damping  is  amplitude  and  frequency  dependent;  when  the  am- 
plitude drops  below  $c  i.  e.  the  value  required  to  cause  sliding  friction, 
the  oscillations  will  diminish  very  slowly. 

When  the  initial  amplitude  for  each  boom  is  large  enough  to  ensure  maximum 
damper  action  ( >5.4°  in  the  example  in  part  4 above),  an  estimate  may  be 
made  for  the  rate  of  decay  of  the  oscillations.  Assume  50  foot  boom  de- 
ployments, 0.2  rad  initial  amplitudes,  and  an  oscillation  frequency  of  0.03  cps. 
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Maximum  angular  velocity  of  each  boom 
~ 0.  2 x 0.  03  x Zit  = 0.0375  rad/sec 

Energy  in  each  boom 
= ~ (mr^  + pr^/3  } 

= ~ ( 910  x 15602  + 0.  0945  x i5603/3)  0.  037$^ 

= 1.65  x 10^  gm  cm^/sec^ 

Energy  dissipation  per  cycle  in  the  darr  ,er 

4 3 2 

= 10  gm  cm'Vsec1' 

Therefore  the  clamping  rate  it?  initially  adequate  to  dissipate  all  the  energy 
in  16  5 cycles  or  165/0.03  = 5500  secs. 

Thus  the  damping  time  constant-  foi  large  disturbances  is  approximately  one 
earth  orbit. 


CHAPTER  9 


\ vw^ftP-vi  Jy^WU*^ ;-. 


DISCUSSION  OF  RESULTS 


To  recapitulate  the  results,  the  main  features  of  wire  boom- satellite 
dynamics  are  listed  in  this  chapter.  In  view  of  their  general  nature, 
they  should  be  useful  for  a wide  class  of  satellite  experiments  featuring 
deployable/retractable  wire  booms. 

9.  1 Main  Features  of  Analytical  Results 

1)  Satellite  hub  spin  slows  down  as  booms  are  being  de- 
ployed and  speeds  up  as  booms  are  being  retracted. 

2)  Hub  spin  is  steady  when  the  booms  are  oscillating  com- 
pletely out-of -phase  with  each  other  (in  an  uncoupled  mode). 

3)  Hub  spin  race  oscillates  with  a frequency  identical  to 
that  of  booms  oscillating  in  phase  with  each  other  ( in  a 
coupled  mode). 

These  first  three  points  are  due  to  conservation  of  angular  momentum. 

4)  The  system  is  less  stable  during  boom  retraction. 

This  can  be  understood  by  looking  at  Equ,  (2-5)  or  j(Z-6),  in 
which  a negative  r reduces  or  even  reverses  the  sign 

of  the  damping  term  p . Thus  wide  deflections  of  booms 
occur  when 


or 


r + k/2mr  < 0 (uncoupled  case) 

r + kl^  /2mrIQ<  0 (coupled  case) 


5)  Damping  is  prominent  when  booms  are  short.  The 
damping  term  (3  (in  Equ.  2-5  or  2-6)  is  proportional 
to  r“^.  This  effect  is  not  due  to  atmospheric  drag  or 
Coulomb  damper,  but  due  to  the  property  of  the  wire 
used  for  the  booms. 


6)  The  term  responsible  for  forced  oscillation  due  to 
deployment/retraction  is  prominent  when  booms  are  short, 
since  the  forcing  term  F(t)  in  Equ.  (2-5)  or  (2-6)  is  pro- 
portional to  the  ratio  r/r. 
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7)  Tne  amplitude  of  boom  oscillation  after  deployment /re- 
traction period  t depends  on  the  amplitude  and  velocity  of 
boom  oscillation  at  the  moment  of  stopping  deployment/ 
retraction,  because  <>  (t  > t ) is  proportional  to  ( t ) 
and  [ 34(t)  + (J  (t)  jin  Equ.  (2-10). 

8)  The  uncoupled  mode  frequency  is  the  lowest  frequency 
encountered  hi  any  satellite -boom  configuration.  Presence 
of  translation  implies  the  existence  of  an  uncoupled  mode, 

>nd  gives  somewhat  M^her  frequencies  than  if  translation 
is  ignored.  The  coup.  1 mod"!  frequency  is  always  higher 
than  the  uncoupled  frequency  because  of  the  higher  level 
energy  interaction  with  the  hub.  The  coupled  mode  with 
symmetrical  boom  lengths  is  characteristically  devoid  of 
translation.  Finally,  out-of-plane  frequencies  are  con- 
sistently higher  than  in-plane  frequencies  because  the 

tip  masses  operate  in  a normal  rather  than  in  a radial  field. 

V The  frequencies  of  modes  in  hub  spin  plane  are  generally 
lower  than  the  spin  frequency  unless  the  boom  lengths  are 
shorter  than  the  hub  radius.  Out-cf-plane  modes  have 
frequencies  always  higher  than  the  spin.  See  Figs.  11  and  12. 

10)  Beat  phenomenon  appear  in  modes  involving  translational 
oscillation  of  hub.  For  1975  satellite,  beat  periods  are 
usually  about  one  to  two  thousand  seconds,  which  accounts  for 
the  fine  splitting  of  spectral  lines  byAco  - .001  c.p.  s. 

11)  If  all  booms  are  simultaneously  deployed  or  retracted,  the 
coupled  mode  is  excited  because  symmetry  allows  no  way  to 
distinguish  one  boom  from  another  so  that  the  booms  move 
together  in  a coherent  pattern, 

12)  If  some  but  not  all  booms  are  deployed  or  retracted, 
generally  both  uncoupled  and  coupled  modes  emerge.  Booms 
being  deployed  lag  behind  in  phase  relative  to  those  un- 
deployed  or  retracted.  The  uncoupled  mode  is  usually  favored 
because  of  its  lower  frequency  and  therefore  lower  energy 
level. 


13)  A remark  about  translation  should  perhaps  be  mentioned. 

If  there  is  no  external  force,  the  center  of  mass  of  an  isolated 
system  initially  at  rest  should  not  run  away.  The  (X,  Y)  that 
we  use  are  the  hub  center  coordinates.  Thus,  if  initially 
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( t - 0)  the  center  of  mass  and  hub  center  coincide,  then  final 
translational  displacement  ( t»r)  must  oscillation  around  the 
center  of  mass,  i,  e.  , the  initial  hub  center  ( X = 0,  Y = 0), 

If  initially  (t  = 0)  the  center  of  mass  does  not  coincide  with 
the  hub  center  (as  in  some  cases  where  booms  are  initially 
deflected),  then  although  the  translational  displacement  (at 
t » t)  still  oscillates  around  the  center  of  mass,  it  does  not 
oscillate  about  the  initial  hub  center  (X=  0,  Y = 0). 

14}  Although  oscillations  out  of  the  spin  plane  are  expected 
to  be  insignificant  due  to  the  presence  of  an  effective  wobble 
damper  (see  Ref.  1),  it  is  nevertheless  interesting  to  estimate 
the  effect  of  possible  out-of-plane  boom  deflections  41.  on  in- 
plane mode  frequencies,  and  vice  versa.  A nonzero  value  of 
it  effectively  shortens  the  inplane  boom  length  ( r. — »r.  cos  ip.) 
so  that  the  total  moment  of  inertia  changes  somewhat,  and 
the  potential  energies  are  also  affected.  Since  the  potential 
energies  come  essentially  from  the  cosine  terms  in  the  La- 
grangian  (see,  e.g.  the  second  page  of  Chapter  5 and  the  third 
page  of  Chapter  6),  a deflection  41  out- of- spin-plane  contributes 
to  the  inplane  potential  energy,  for, 

2 2 

r.cos  <b.  cos  ip.  = r.  ( 1 — ( ip.  + <p.  )/2+.  . . ) 
11X1  1 1 

for  small  angular  deflections.  Thus,  inplane  mode  potential 
energy  terms  are  located  not  only  in  the  inplane  vector  space  re- 
presented by  V but  also  in  the  out-of-plane  vector  space  Vout. 

The  opposite  is  also  true  for  out-of-plane  modes.  There- 
fore, a rigorous  formulation  of  the  inplane  ^.out-of-plane 
modes  should  involve  14x14  matrices  T and  V.  However, 
since  i|».  is  expected  to  be  small,  the  results  obtained  by 
considering  disjoint  inplane  and  out-of-plane  vector  spaces 
are  certainly  of  satisfactory  accuracy. 
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9.  2 Remarks  on  Fourier  Spectral  Analysis 

Figure  9 gives  the  Fourier  transforms  of  several  time  series  of  funda- 
mental importance. 
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Figure  9.  Fourier  Transform  F(t)  of  Four  Time  Series  S(t) 
of  Fundamental  Importance 


Figure  10.  Power  Spectrum  of  Case  (d)  in  Fig.  9 
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In  Fig.  9(a),  the  Fourier  transform  of  an  infinite  train  of  sine  wave 
sin(a»Qt)  is  just  a 6 (a j-(d0)  function.  The  fourier  transform  of  a pulse 

step  function  is  a (sin  OiQT)  / (<0oT)  diffraction  function  [Fig.  9(b)].  Thus, 
a finite  sine  wave  train  of  length  T [ Fig.  9(c)]  gives  a diffraction  pattern 
around  the  a>0  (power)  spectral  line  with  sidelobe  maxima  located  at 


^ + (n  + i/2  ) / 


(n  — i,  2,  3, . . . ) 


and  sidelobe  minima  located  at 


coo  ± n/T 


(n  = i,  2,  3, ....  ) 


The  time  series  length  T is  also  called  window  width.  The  wider  a win- 
dow is,  the  less  diffraction  appears.  If  two  spectral  lines  are  too  near 
each  other,  interference  of  diffraction  patterns  may  occur. 


In  this  report,  most  of  the  time  series  for  spectral  analysis  have  a window 
width  of  2048  sec.  A sine  wave  sin  a)0t  of  such  length  would  give  spectral 
sidelobe  maxima  at  u)Q  t 0.  000488  (n  + 1/2  ) c.  p.  s.  and  minima  at  u)Q  ± 

0.  000^88  n c.  p.  s.  (n  = 1,  2,  . . . ).  Also,  in  this  report,  most  of  deployment/ 
retraction  periods  considered  are  200  sec.  A pulse  step  function  of  200 
sec.  period  would  give  spectral  sidelobe  mazima  at  0 ± 0.  005  (n  +1/2) 
c.  p.  s. , minima  at  0.  005  n c.  p.  s.  (n  = + i,  ±2, . . . ),  and  a main  peak  at 
0 c.  p.  s.  However,  if  the  pulse  is  not  perfectly  constant  due  to  boom 
length  change,  a splitting  of  spectral  line  occurs,  shifting  the  main  peak 
slightly  away  from  0 c.p.  s. 

In  Fig.  10,  a situation  of  peak  truncation  is  shown,  where  the  actual  peak 
happens  to  be  in  between  two  output  points,  due  to  finite  resolution: 

A co  = ±1  / 2N  AT,  where  N is  the  number  of  points  to  be  transformed, 
and  AT  is  the  sampling  rate. 

The  fast  Fourier  transform  algorithm  as  developed  by  Cooley  and  Tukey  [10] 
uses  2^  input  points.  For  example,  a 2048  sec.  time  series  of  sampling 
rate  AT  = 1 sec.  would  give  2^  input  points  for  fast  Fourier  transform, 
with  a resolution:  A<*)  = ± 0.  00025  c,  p.  s. 
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Moments  of  Inertia  about  the  three  principal  axes.  The  one  about  the  sp 
axis  goes  up  faster  as  a function  of  boom  length,  because  all  four  booms 
contribute  in  contrast  to  only  two  booms  contributing  to  and  I 


Table  1.  Normal  Modes  of  Satellite  with  Four  Equal  Length  Wire  Booms 
Neglegible  Translational  Oscillation  of  Hub 
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9.3 


Computer  Simulation  Results 


The  results  of  a number  of  digital  computer  simulation  runs  for  satellit  , 
system  1975  with  various  given  initial  conditions  are  presented  graphically. 
These  results  are  the  time  series  of  the  satellite  system  variables  evaluated 
by  solving  a set  of  coupied  differential  equations  [Equ,  (3-8)  to  (3- 11)], 
[Computer  Program  SATEDYNj. 

In  the  first  set  of  simulation  graphics  [Fig.  14  (a-d)J,  two  modes  are 
shown:  the  coupled  mode  and  the  uncoupled  mode  without  translation. 

They  are  excited  by  initial  boom  deflections:  (0.  !•**,  0,  0.  14,  0)  radians. 

No  deployment /retraction  of  booms  is  involved,  and  the  boom  l**ngths  are 
all  equal  (50  ft,).  The  presence  of  the  coupled  mode  is  indicated  by  the 
oscillating  behavior  of  hub  angular  velocity  (spin  rate,  i.  e. , o>(t)  = + 

0 (t)  ) in  Fig.  14  (a).  The  uncoupled  mode  prevails  eventually  because  of 
its  lower  frequency  (or  energy).  Since  symmetry  allows  no  way  to  dis- 
tinguish boom  1 from  boom  3,  and  boom  2 from  boom  4,  only  the  deflec- 
tion of  boom  1 and  boom  2 (curve  with  asterisks)  are  shown  [ Fig.  14  (b)J. 
The  predominant  ucoupled  mode  gives  a higher  peak  in  the  power  spectrum 
plots  of  boom  3 [ Fig.  14(c)]  and  boon-  4 [ Fig.  14  (d)].  The  next  higher 
harmonics  are  too  weak  to  show  up  in  the  graphics  but  can  be  revealed  by 
means  of  digital  printouts  toot  shown). 


Simulation  graphics  set  #2  { see  Fig.  15  (a-i)]  shows  the  coupled  mode 
and  uncoupled  modes  with  tranlational  oscillations  of  the  hub.  The  modes 
are  excited  by  initial  boom  deflections  ( 0.  t4,  0.07,  0,  0.07)  radians. 
Again,  no  depl  oy  ment  / ret  ruction  of  booms  is  involved,  and  the  boom 
lengths  are  all  equal  (50  ft.  ).  Oscillatory  behavior  of  hub  angular  velo- 
city [Fig.  tSfa>!  persists  throughout  the  simulation  period.  Translational 
oscillations  Nf  the  heavy  hub  are  shown  to  be  small  in  amplitude  (X  5 X 4 
X ~ 1 cm.  1 „ Fig.  15  (b,  )j,  ‘ine  initial  bub  center  coordinates  do  not 
coincide  with  the  center  of  mass  because  of  the  initial  uosymmetrie.il  boom 
deflections,  and  therefore  the  translational  oscillations  (X,  Y)  eventually 
do  not  center  around  the  initial  coordiates  X =0,  YsO)  of  the  center  of  the 
hub.  beat  phenomenon  can  be  seen  in  the  oscillations  of  the  booms  1 and 
2 (curve  with  asterisks)  (Fig.  15(d)]  and  those  of  the  booms  3 and  4 (curve 
with  asterisks)  [Fig.  15  (e)J.  live  beats  are  responsible  for  the  fine  split- 
ting of  the  uncoupled  mode  frequency  f Fig.  15  Cf-i)].  the  inverse  of  the 
be  it  period  is  equal  to  the  difference  of  splitted  frequencies.  The  de- 
generacy of  the  pace  of  uncoupled  mode  eigenfunctions  h^s  been  removed 
by  the  slightly  b.oken  symmetry  caused  by  the  appearance  of  small  ampli- 
tude hub  translations. 
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Figure  14  (a~d) 


Simulation  graphics:  Set  #1 

Satellite  boom  lengths:  50  ft.  (all) 

Deployment/Retraction:  Nil 

Initial  Boom  Deflections:  (0.  14,  0,  0.  14,  0) 


Angular  velocity  [u>(t)  = 04,+  9 (t)]  of  hub  as  a time  series.  The  presence 
of  the  coupled  mode  is  indicated  by  the  oscillatory  behavior  of  the  angular 
velocity. 


Power  spectrum  of  boom  1 (or  3)  oscillations.  The  lower  frequency 
spectral  line  is  the  uncoupled  mode  frequency  and  the  other  is  the 
coupled  mode  frequency.  Higher  harmonics  are  too  weak  to  show  up 
graphically. 


Figure  14(d).  Power  Spectrum  of  boom  2 (or  4)  oscillations.  See  caption  of  the 
preceding  figure. 


;,V:.r.) 


Figure  15  (a-i) 


Simulation  graphics:  Set  #2 

Satellite  boom  lengths:  50  ft.  (all) 

Deployment/Retraction:  Nil 

Initial  Boom  Deflections:  (0.14,  0.07,  0,  0.07) 
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Figure  I5taj.  Angular  velocity  of  hub,  showing  presence  of  the  coupled  mode. 


Figure  I5fc).  Translation  oscillations  [ Y( t)  = Y (t)  + Y ( t)]  of  the  heavy  hub. 


Figure  l Seel).  Deflections  of  boom  1 and  boom  2 'with  asterisks).  The  beats 
can  be  clearly  seen. 


PQWtR  SPECTRUM 


Figure  ISffi.  Power  spectrum  oi  boom  1 oscillations.  Fine  spectral  splitting 
l#  due  to  beats,  as  a result  of  translational  oscillations  of  hub. 
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The  third  set  of  simulation  graphics  depicts  the  effect  of  boom  deployment 
[ Fig.  16  (a-d)].  All  boom  lengths  are  40  ft,  initially  and  50  ft.  finally. 

The  modes  are  excited  by  deployment  (period  t = 200  sec. ) and  by  initial 
boom  deflections  (-.  09,  -.07,  -.09,  -.  07  radians).  During  the  deployment 
period,  the  hub  spin  slows  down  due  to  conservation  of  angular  momentum 
[ Fig.  16  (a)].  Oscillation  of  hub  spin  rate  indicates  the  presence  of  coupled 
mode.  Translational  oscillation  is  not  involved  because  of  the  symmetry 
of  the  booms.  A plot  [ Fig.  16(b)]  of  deflections  of  booms  i,  or  3,  and  2, 
or  4 (curve  with  asterisks)  shows  particularly  large  deflection  amplitudes 
during  deployment  period  in  which  forced  oscillation  (c.  f.  Chapter  2)  are 
present.  If  the  initial  boom  deflections  were  identical,  simultaneous  de- 
ployment/retraction for  all  booms  would  excite  the  coupled  mode  only. 

Since  the  initial  boom  deflections  are  not  really  identical,  an  uncoupled 
mode  is  present,  as  revealed  by  the  power  spectra  of  boom  1 (or  3),  and 
boom  2 (or  4)  in  Fig.  16(c)  and  Fig.  16  (d),  respectively.  However,  the 
coupled  mode  is  dominant.  There  is  a small  bump  (or  tail)  attaching  to 
the  right  hand  side  of  each  of  the  sharp  spectral  lines.  This  phenomenon 
is  due  to  the  higher  spin  rate  (and  hence  higher  mode  frequency)  before 
completion  of  deployment  (and  hence  slow-down  of  spin).  The  bump  near 
0 hertz  is  due  to  the  nearly  constant  force  step  function  during  deployment. 
Digital  print-outs  show  that  the  minimum  of  this  bump  is  at  0.  005  c.  p.  s 
(inverse  of  200  sec. , the  deployment  period  t ). 

To  illustrate  the  point  that  the  amplitude  of  boom  oscillation  after  de- 
ployment/retraction depends  on  when  the  deployment/retraction  stops 
(see  point  #7  onpg.  109),  a plot  is  presented  [ Fig.  17  ] in  which  de- 
ployment stops  10  sec.  (i.  e.  l/20th  of  t ) earlier  than  in  Fig.  16  (b), 
and  the  booms  swing  to  the  other  side  in  large  amplitudes,  just  after 
deployment  stops. 
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Figure  16  (a-d) 

Simulation  graphics:  Set  #3 

Satellite  boom  lengths:  40  ft.  (all)  initially, 

50  ft.  (all)  finally 

Deployment  period:  200  sec. 

Initial  boom  deflections:  (-.09,  -.07,  -.09,  -.07)  radians 


Boom  deployment  slows  down  the  spin  of  the  hub,  due  to  con 
servation  of  angular  momentum. 


Figure  16(b).  Deflections  of  boom  1 (or  3)  and  2 (or  4)  with  asterisks  show 

particularly  large  amplitudes  during  deployment  period  (t<200  sec). 


POWER  SPECTRUM 


r _ 
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The  next  set  of  simulation  graphics  (set  #4)  [ Fig.  18  (a-i)]  shows  the 
combined  effects  of  unsymmetrical  boom  retraction,  hub  translation, 
and  unequal  boom  lengths.  Initially,  all  boom  lengths  are  equal  (45  ft.  ), 
and  finally,  their  lengths  are  35,  45,  45,  45  ft.  Retraction  period  is 
200  sec,  and  the  total  simulation  time  is  4100  sec.  furnishing  2^  data 
points  at  1 sec.  intervals  for  fine  spectral  resolution  (A&)  = 0.  000122c.  p.  s) 
in  the  subsequent  Fourier  analysis.  During  the  retraction  period,  the 
hub  spin  increases  [Fig.  18  (a)]  in  contrast  to  the  deployment  case.  Simu- 
lations of  translational  variables  (X  = Xq  + X , Y = Yq  + Y ) show  that 
the  hub  center  oscillates  about  the  center  of  mass  of  the  satellite  system, 
and  no  runaway  occurs  [ Fig.  18(b,  c)  ].  The  amplitude  of  oscillation  of 
the  retracting  boom  [ Fig.  18  (d)  ] is  very  large  due  to  forced  oscillation 
during  retraction  period  (see  Section  2.4)].  The  non- retracting  booms  2 
(with  asterisks  in  Fig.  18d),  3 and  4 (with  astrtisks.  Fig.  18e)  move  in 
opposite  directions  relative  to  the  retracting  boom.  Beats  are  prominant 
in  boom  oscillations  [ Fig.  18  (d,  e)],  resulting  in  the  splitting  of  spectral 
lines  [Fig.  18  (f-i)].  The  analysis  in  Chapter  5 (Equ.  5-12)  has  predicted 
a two  pronged  splitting  of  the  uncoupled  mode  frequency  for  pairwise  equal 
boom  cases  with  translations.  However,  minor  complications  in  the  split- 
ting would  occur  if  the  boom  lengths  are  unbalanced  [ Fig.  18  (f-i)  ].  The 
coupled  mode  and  higher  harmonics  frequencies  are  too  weak  to  show  up. 

A bump  at  very  low  frequency  in  the  power  spectrum  of  the  retracted  boom 
[ Fig.  18  (f)  ] is  due  to  the  200  sec.  constant  retraction  resulting  in  an 
almost  constant  force  during  the  retraction  period.  The  minimum  of  this 
bump  and,  in  fact,  all  four  bumps  can  be  identified  at  0.  005  c.  p.  s.  ( in- 
verse of  200  sec. ) and  again  at  0.  01  c.  p.  s.  (which  is  n/T  , where  n = 2, 
t = 200).  Small  local  maxima  and  minima  can  be  seen  on  the  bump 
(and,  in  fact,  they  are  everywhere);  they  are  due  to  the  use  of  finite 
length  (4096  sec. ) of  time  series.  The  location  of  the  first  local  mini- 
mum is  at  0.  000244  c.  p.  s.  (inverse  of  4096  sec.  ).  The  bump  of  boom  3 
is  very  weak  but  can  be  revealed  by  means  of  digital  printouts  [not  shown]. 

Very  short  boom  behavior  is  simulated  in  the  next  figure  [ Fig.  19].  All 
boom  lengths  are  equal  to  9.  5 ft.  initially,  and  1.5  ft.  finally.  Retraction 
period  is  160  sec.  The  wavelength  of  a boom  decreases  as  the  boom  is 
being  retracted,  and  the  amplitude  rapidly  grows  to  very  large  value  (it 
would  grow  to  infinity  at  zero  boom  length).  Strong  damping  (not  due  to 
Coulomb  damper)  is  prominent  for  short  length  booms  (see  Section  2.4). 
.Since  ail  booms  behave  identically  in  this  simulation,  it  is  sufficient  to 
show  tiie  behavior  of  only  one  boom. 
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Figure  18  (a-i) 


Simulation  graphics:  Set  M 

Satellite  boom  lengths:  45  ft.  (all)initially, 

35,  45,  45,  45  ft.  finally 
Retraction  period:  200  sec. 

Initial  boom  deflections:  Nil 
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Figure  18(a).  Hub  spin  rate  increases  during  boom  retraction. 


:he  sa 


tjture  iSfHi,  Deflection#  of  boom  i arid  boom  2 (with  asterisks).  The  amplitude 
of  deflection#  of  the  retracting  boom  is  large,  ar.c!  it  is  completely 
out -of- phase  with  those  of  non- retracting  booms  (2,3,4).  Beats 
can  be  clearly  seer*. 


Power  spectrum  of  boom  1 oscillations.  The  splitting  of  the 
spectral  line  is  due  to  the  translation  induced  beats  in  boom 
deflections.  The  low  frequency  bump  is  due  to  constant  de- 
ployment for  200  sec.  Minima  of  the  bump  can  be  clearly 
seen  at  0.  005  and  0.01  c.  p.  s.  (i.  e.  n/200  c.  p.  s.  , n = i,  2). 


Figure  18(g).  Power  spectrum  of  boom  2 oscillations.  Many  small 
spurious  minima  are  present  due  to  the  finite  length 
of  wave  train  (4096  sec.  ) 


pectrum  of  boom  4 oscilla 


Figure  19.  Very  short  boom  deflections  showing  rapidly  increasing  amplitude 
during  retraction  (all  9.  5 ft.  to  all  1.  5 ft.  in  160  sec.  ),  and  strong 
damping  after  retraction.  The  pure  coupled  mode  is  excited  with 
all  booms  in  phase. 


The  fifth  set  of  simulation  graphics  shows  the  effect  due  to  the  deployment 
of  a pair  of  booms  (boom  1 and  its  opposite  boom  3)  and  the  simultaneous 
retraction  of  the  other  pair  of  booms  ( 2 and  4)  [Fig.  22,(a-d)  ].  All  boom 
length  are  20  ft  initially,  and  30,  10,  30,  10  ft.  finally.  Retraction  period 
is  200  sec.  and  the  deployment /retraction  rates  are  equal  and  opposite  to 
each  other  (viz. , . 05  ft.  / sec. ).  This  maneuver  of  wire  booms  causes  a 
net  increase  in  moment  of  inertia  of  the  system  and  therefore  a slow  down 
of  satellite  spin  results  [ Fig.  22  (a)].  No  translation  occurs  because  of 
the  symmetry  of  the  system  throughout  the  maneuver.  Deflections  of  the 
retracting  booms  are  in  opposite  direction  to  the  deploying  booms  (as- 
terisked curve)  [ Fig.  22  (b)  ],  Amplitudes  of  the  retracting  booms  are 
larger  than  those  of  the  deploying  ones,  since  oscillations  of  retracing 
booms  are  less  stable  (see  Paragraph  (4)  of  Chapter  9).  All  boom  am- 
plitudes during  deployment/retraction  are  somewhat  large,  because  the 
magnitude  of  the  relative  deployment/retraction  rate  is  twice  that  in  a pure 
deployment  or  retraction  case.  The  power  spectra  of  boom  oscillations 
show  the  presence  of  both  partially  coupled  and  totally  coupled  modes  [ Fig. 
22  (c,d,)  ] (compare  the  harmonic  frequency  results  in  Figure  21).  The 
low  frequency  contributions  in  the  power  spectra  are  again  due  to  the  200 
sec.  of  forced  oscillations  caused  by  deployment/retraction  of  wire  booms. 
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Figure  22  (a-d) 

Simulation  graphics:  Set  #5 

Satellite  boom  lengths?  20  ft.  (all)  initially, 

30,  10,  30,  10  ft.  finally 
Deployment  period:  200  sec. 

Initial  Boom  Deflections:  Nil 
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Ucploymcnt  of  one  pair  of  booms  and  the  simultaneous 
retraction  of  another  pair  for  the  same  lengths  give  a 
net  Increase  in  moment  of  inertia  slowing  down  the  hub 
spin. 


‘S  -r  « ' 

is*  t 
•"  °* 
« ^ ° a 


o 

c 


<u  - 

*o 


« *»  2 j+ 


u £c 


00  « 
id  u 

!S 


id  ^ 
ro  £ 

■V  "" 

C 

id  v 
'OX® 

— C * — 

- «•  » « 

£N  3 g 

o ® id  u 
o c o c 

■°  o ^ .2 

00  O *-> 
C X «>  O 
,r*  oo  id 
+*  on  rr  c. 


oo  lr 

5d  .S  « 

t.  >> 

“ O *■ 


V 

u 


« ^ u ^ 2 

: s--  s s 

•S  " S £ 


i: 

««  X 
o **  ~ 

p * s* 


oa 

c 

o 


» o I 

*-  r*  d 

H 

p 


_,  « p 

c o '°  H 

^ss  |!  » 

o *>  o .2 

(U  O 4)  *j  ® 

C # d id  3 
” T;  o 
.S  « V .5 
Q >o  Q m > 


CM 

(M 

V 

P 

00 


Figure  ZZiii).  Power  spectrum  boom  2 (or  4)  oscillations  shows  the  pre- 
iten.ce  of  both  coup  • and  uncoupled  modes.  The  low  fre- 
quency contributin'  again  due  to  200  ;>ec.  of  forced  os- 
cillations , 


The  last  set  of  simulation  graphics  (Set  #6)  is  to  demonstrate  the  harmonic 
oscillations  out  of  the  spin  plane  of  the  system.  Such  oscillations  are  ex- 
pected to  be  insignificant  during  actual  satellite  experiment  because  of  the 
installation  of  a wobble  damper,  which  is  considered  to  be  very  effective 
(see  Section  3.7,  ref.  i).  Hence,  there  is  no  need  for  elaborate  simulations 
for  out-of-plane  oscillations.  However,  for  the  purpose  of  gaining  insights, 
it  is  useful  to  perform  a simulation  [Computer  program  SYNHARM]  in  har- 
monic approximation  without  damping.  The  method  of  Fourier  synthesis  is 
most  appropriate  since  all  the  harmonic  variables  have  been  calculated 
(Chapter  6).  For  a given  set  of  harmonic  variables,  the  time  evolution 
of  the  variables  are  simulated.  In  Set  #6  the  initial  values  ( ijjj,  1^2#  413, 

^4,  9i,  0 2»  2)  are  given  as  (-.01008,  .04140,  .05160,  .04164,  ,01422, 
-.2844,  .01198)  where  the  angular  variables  ( 4^,  0.)  are  in  radians  and 

the  translations  in  feet.  The  time  series  of  4^  and  4*3  (asterisked)  and 
those  of  4*3  and  4*4  (asterisked)  are  displayed  in  Figure  23a  and  b res- 
pectively. All  four  nontrivial  modes  are  present.  The  coupled  modes 
can  be  clearly  seen  in  0^  and  0^  (asterisked)  time  series  (Figure  23[c]), 
where  the  coupled  mode  involving  booms  2 and  4 is  twice  in  magnitude 
compared  to  that  involving  the  other  pair.  The  Z - motion  is  due  to 
the  presence  of  jelly-fish  mode,  and  since  it  is  a pure  sinusoidal  wave 
of  small  amplitude,  its  time  series  is  not  of  much  interest  and  thus 
not  shown.  The  spin  axis  sweeps  a conic  in  space.  A cross-section  of  the 
conic  in  this  simulation  shows  a clover  leaf  pattern  [ Fig.  23  (d)  ].  The 
conic  sweep  starts  in  the  third  quadrant,  moves  into  the  fourth,  then  second, 
third  qqadrants,  etc.  and  is  found  moving  in  the  second  quadafant  at  the  end 
of  a 24  sec.  simulation  run. 
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Figure  23  (a-d) 

Simulation  graphics:  Set  #6 
Satellite  boom  lengths:  45  ft.  (all) 

Deployment  period:  Nil 

Initial  Boom  Deflections:  -.01008,  .04140,  .05160,  . 04164  radians 
Initial  Hub  Inclinations:  -.01422,  -.02844  radians 
Initial  Z-  position:  .01198  ft. 
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Figure  23(d).  Conic  cross-section  swept  by  the  spin  axis  precessing 
around  a spatially  fixed  Z-axis  in  a finite  time  span. 
The  scale  represents  in  feet  the  pattern  traced  by  the 
spin  axis  on  a plane  10  ft.  above  the  center  of  mass. 
The  sweep  starts  in  the  third  quadrant  and  ends  in  the 


CHAPTER  10 


PROGRAM  LISTINGS,  INPUT  FORMATS  AND  SAMPLE  OUTPUT 

10. 1 Introduction 

For  full  simulation  of  the  satellite  dynamics  including  built  in  Coulomb 
damper  actions,  large  angular  deflections  leading  to  possible  higher 
harmonics,  combinations  of  boom  deployment/retractions,  and  possible 
non-linear  mode-mode  coupling,  Lagrangian  equations  of  motion  should 
be  used.  They  are  found  to  be  a set  of  coupled  second  order  non-linear 
differential  equations  (Chapter  3).  The  time-dependent  solutions  of 
these  coupled  differential  equations,  which  embody  all  the  dynamics  of 
the  system,  represent  the  entire  history,  or  simulation,  of  the  behavior 
of  the  various  components  of  the  satellite-wire  boom  system.  For  a 
specific  simulation,  controlled  initial  conditions  may  be  imposed. 

10. 2 Method  of  Simulation 

Hamming's  modified  predictor-corrector  method  [12]  is  chosen  to  in- 
tegrate the  differential  equations  by  virtue  of  its  relative  stability  and 
accuracy.  It  has  the  advantage  of  self-adjusting  its  step  size  to  accommo- 
date a given  accuracy  requirement,  thus  preventing  unstable  error  prop- 
agation and  enabling  the  revelation  of  the  detailed  behavior  of  the  solu- 
tion at  those  interesting  parts  where  there  is  a great  deal  of  structure. 
However,  the  predictor-corrector  method,  though  powerful,  is  not  self- 
starting; hence,  the  Runge-Kutta  method  is  used  as  a starter  to  generate 
the  first  four  points.  With  these  methods,  program  SATEDYN  (listed  in 
this  chapter)  is  capable  of  generating  digital  simulations  of  the  time-de- 
pendent dynamical  behavior  of  the  satellite  system,  depending  on  the 
experimental  conditions.  Within  this  program,  the  coupled  second  order 
nonlinear  differential  equations  are  transformed  to  a set  of  coupled  first 
order  differential  equations.  The  first  derivatives  of  the  seven  variables 
used  are  defined  as  additional  variables,  resulting  in  a set  of  fourteen  (14) 
coupled  first  order  nonlinear  differential  equations  in  fourteen  (14)  variables. 
The  details  of  the  input  formats  are  listed  in  Table  6. 

Another  method  of  simulation  is  used  in  the  program  SYNHARM,  using 
a frequency  approach.  It  lacks  the  full  fledge  capability  of  program 
SATEDYN,  but  has  the  advantage  of  simplicity.  If  the  normal  frequency 
of  a system  are  well  known,  then  for  harmonic  oscillations  near  equilib- 
rium, the  amplitude  of  each  generalized  coordinate  can  be  equated  to  a 
Fourier  series  in  terms  of  the  normal  frequencies.  A complete  set  of 
such  Fourier  series  equations  then  forms  the  harmonic  equations  of 
motion  of  the  system.  Time-dependent  solutions  can  then  be  generated 
to  match  a given  complete  set  of  initial  conditions.  The  details  of  the  in- 
put formats  for  program  SYNHARM  are  listed  in  Table  7. 
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Table  6.  Inputs  for  Program  SATEDYN 
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ble  7.  Inputs  for  Program  SYNHARM 


-«ogm*  smor*  r»/r<,  07t*i  rr»  k.i»rjro  n/it/rk  it.st.kt.  net 


ZZZ2Z7ZZZ2ZZZZZ2Z2Z7ZZZ77ZZ7ZZZZZ7ZZZ 

^ V V H V >>V^t>V»VV>  kVVN^V>V»>l»>VV>VW^>-VV 

OOOOCOGOOaOQCiCnouUOOOOOOUOOOOOOOOOOOO 
hi  U Ul  Ul  hi  Iw  Ui  hi  Ui  hi  Ul  hi  Ui  Iti  hi  hi  U hi  hi  hi  *■ 1 hi  hi  1*1  hi  hi  h>  hi  hi  hi  hi  hi  hi  hi  hi 


zzzzzzzzzzzzzzzzzzzz 

»■  >-  v h v i.vvvi'VVh  > > v v w >■  v 
OOOOOOOOC.OOOOOOOOOOO 
Ui  hi  hi  Ui  hi  hi  hi  Ui  hi  hi  hi  hi  ui  hi  UI  hi  hi  U U hi 


iMVIMVtMMI 


o • w 

OM  Z 

M i/%  M 

oer « h- 

CZ  3 


4 UO 
►*  M 

X X 
• 40 

►-  z o 


► 

« o • • 

4 -J  O O 


Z 

£ 

4 S 

= s' 


3 

► 0 

M O 

Z 

4«  • X 

Z 

o 

a 

o 

■4  -J 

Ui 

— 40 

o 

o 

z 

_ -i 

Ui 

x *nO 

H 

ft- 

H- 

X 

M 

X -4 

• M 

o 

3-  . 

H» 

o 

0- 

■ 

O M 

X U 

m 

4 J04M 

O 

o 

H* 

IT 

O H 

• o 

*»  M 

Ui 

M 

Z 

• 

Ui 

<D  M 

4 2 r 

z 

*40** 

•J 

w 

0 

T 

ft. 

» 7 

►•4  0 

0 

•*  OZm 

1* 

H 

o p 

Ui 

0 

Ui  M 

O'  Of  o 

*• 

4 -0(4  I 

Ui 

x 

b X 

> 

►- 

Of 

40  in 

-4-  ft.  ft 

O 

te. 

o 

Hi 

M » 

z 

o 

- J -* 

Ui 

O 

Zk. 

0 

• 

z z 

• z 4 

z 

H w .04 

Of 

Of 

4 O 

u* 

O 

OO  X 

M 

Of«*X 

41 

in 

-4 

* 

3 

Ui  m 

Ui  ** 

* 

UH  • 

-i 

Ui 

0 • 

— , 

ft. 

H-  H- 

O H-  • 

o 

o o *■  --  — 

=> 

0 O 

UJ 

M O 

4 O 

-i 

OH  -44  O 

o 

m — * 

Z Ui 

z 

3 — J 4 

O _J  Of 


w J VH 
Z SOk 

► r _#h. 

o •-*  ft  u 

h r r LJ  C 

h O — i 

4 O h 

i/%  h>OSi 


>04  ► » 

f OH  hi  hi 
Of  _i  X 0X 

* HI  M o 

* »o  - X 

r o — t:  * 

* af  *4  o 

o *-  *4 

r *r  ft.  *-o 

r oui 

* 4 Jt 

»\  Vft  o 


• O l/>  of 

» O O Mbi 

: jtt  a. 

• o r 

IaJ  Ui  Z 

UiOr  H4 

i ft  4 v%  m 

’4  HO 

i — in  4 

-.49  Of 

i .1  n k 


H M 0 M O 

o>  u>  T o p 

n 4 j m & 


>hu\<7<  m9>  o p Ml 

iwmw  j jm  & > 

. W ^ W w w w 7 M< 

>►>•►►►  M A - 


OOOOCJOOOOOOOOUOO 


oooooo o ou  o oooooo 


174 


MOGRiH  SATEirN  T4/74  OPT.l  FTM  4.l*F3rt  it/tO/Tk  tt.JI.4t.  FACE 


#o  ««Mn  ^ ima  k «»e««Nn 

d <0  K K K K #»#»#•»*»#»  KC«fl}0««tt«««o>99OtV,tfkff‘0><r9l 


21ZZZ2Z2ZT2ZZ2XZZZZ2ZZ7XZZZSZXXZ72ZZ 

oooooocooooocooacoaooocooooooooQoooo 

kiUJWUiUJUiWUiUMJMUHiiUlMWIiJWhilMWhtUlWyutWWUlAtUMAtkiMtiWhl 

VMrtMVIMVIMMMMWMMMMMMMVIMVIMMI/IMMMVIMMMMMMMU 


!XZZZZZZZZZ2ZZZZ2ZZ Z 

>-t-V>-vyy^>-V>.>-  y y y y y y y 
IOCOOOOOOO&OCOOOOOCO 
bjuiwutuiwuiyubiuiuyujkijujujuujuiuj 
►-►-►“y-y-y-y-F-y*F-y-y-y-y-y-y-F-H*y-F->- 


O 


o 

GET 


40 

*4 


• 40 

«4 

■ « 

« 


ow 

^ * 

AG  4 

« or 

XOM 

o X 


a «c 
x • cf 
« 

cza 

O wtr 

CD  y*  40 
xy  o 
o o • 

32. 

e k 
n ¥ 
O ¥ 
O X X 
UM 
X y « 
3 t-t  X 

mi  a 

Mw  j 


-#  • aw 


M W J y O M 


x 3 a*  * j* 


o 

Of 


S 2 


• ^ < 
r>  • « 
IT  W 


X W 4 

I U < 

« -X 


T *• 

• 4W  A 

— 40 


rMMy  MMy  K-’w^y  • y *» 


T X 

o o 


O X o o 

< tt  < « 
III  O bJ  UJ 

a w U4 


I flP  w M •»  til  «f  bl 


r y y y --  x y 
a o o 
© © o o 

kOktt 


— X I 
oi  O'  • 
U.  O ( 
QL  U. 


X *- 

ar*-» 
■ c or 


it  y r 
«>  w I 
• • of 
•0  0 
*'*>'■ 
UJ  Ul 
y y (P 
WHO 
Of  Of  X 

x x a 


o 

o 


» UJ  CD  3 O Cl  M 


w u. 
’ Oi  A 
Of  * 


X o 

o • 

>-  M 
V # 


w w m X n 


CD  CD  ( 
C X.  3 
Of  ¥ « 


V O « 

•o  • #h 

» n*- 

# -v  u. 

l\J  Of 
•WO# 

A-'  # O 

u.  — x 

Of  y<  of 

• — ♦ 
o u.  X 
X of  *t  -» 

Of  • w(Vi 

o • 

♦ X ♦ • 

♦ Of  X 

«4  W A u 

I H • 

^ • - r 

^ « aAO 

> **  .#  *-"<  •-«  — 

> *->  * w w 4 V J 

’ w » U U.  © 

’a  c wa  a u.y  * 

* y • • yyfii 

r w h r r h a 


o o ■ 
X X « 

Of  Of 


N »—  * H N H II  X 

j h « o a < 


N It 

< 

b.  O I 
> y-  y 
i wh  O w w I 


II  II  II  II  H > 
n m 4 

.OWa AkOM' 


. at  « a < < ¥ # O* 


l V it  i 

I CM 


o o o o o 


175 


MOOf  SITttVN  7«./7 % OPT«l  f TN  «.1*'>J70  12/28/7%  It. 32.11.  MCC 


<0K«<re*4Mi>ijMA<i)K.0»e*«Mn^iAtAK«9n^MM4iAiaK«9teHNM4ir<0S00«n«4Nn«iA<»Ktfi9>e«4N 

4 4 4 <4-4  4 4IMMIM(llAlf\U>UllMfl4)4<l9W>^<44>4i(]i4KKfh 


liizziii 

► ►►►►VVV 

oooooooo. 


ZZZZZZZZZZZZ2ZZZ2ZZZZZZZZZZZZZZZZZZZZZZZrZZZ7 

.VVyVk.VWVk-^V^VT-Vk-VVk-VVVWVVVVk-l^VWx^VVVyVwvv 

.oooooooaooooooooooaoaoooooooooooooooocooooowc-io 

i U*  Ut  UJMUtuWUkJUlUMttiUUUIWUlUUJyUklbtUiUJbiUlUUUiUHtlUIUlUlUUtyiijUlkJUJU^UlUJUJLJUi 


D 

or 


Of 

o 


m 


1 


O. 

M 

O O 

ft 

Ut 

n 

ft 

X 

l/»  4/1 

44 

»o 

r. 

v> 

V-  X 

4k 

• 

IA 

O ft 

40 

» * 

Ui 

u* 

ft 

_i  ft 

Pu 

44 

• • 

r> 

X 

o 

ft  o 

4 

»-M 

ml 

• 

M 

w 

o 

IA 

O 

~ ft  ft 

ft 

z 

Z M 

o 

4k 

• 

4k  4k 

> 

Ui 

• U 

IA 

Ui  4/1 

• 

• 

o 

ft 

*4 

z o 

Ui 

ft  M 

o 

o 

M 

44  44 

_i 

M 

Ui 

3 

X 

• 

• 

4 

4 4* 

1 1 

« 

o 

> IA 

3 

* 

o 

IA 

O 

z 

HU 

«* 

ft  ft 

•« 

4 

M 

• 

4 4 

M 

M 

O 3 

V-  ft 

4 

O 

0 4 4 

o u 

lu 

H 

«>4 

ou 

M 

-J 

• 

M 

• • 

• 

«A  < 

Ui  o 

41 

o 

•4 

4 

o o 

lu 

X 

H > 

<4 

a ut 

«/» 

M 

z 

II  4 4 

4 

=>  O 

ft 

M 

V)  ft 

z 

O H 

IA 

X 

4 4k 

ft 

4k 

ft 

X -» 

M 

v> 

M T 

M 

• ft 

X 

ft 

ft 

ok  H 

4-  V- 

a.  -* 

M 

ft 

M X 

X 

o X 

ft 

X 

ft  X X 

44  •/ 

3 3 

-J 

ft  z 

z 

Ui  ft 

X 

V- 

43  IA 

ft 

43 

XMA 

w o 

O ft 

«*  4k 

M 

►4 

X ui 

X • 

V 

ft  M 44 

03  lu 

►- 

ft 

M 

_i  ft 

o X 

4- 

4 

►4  • 

* 

m 

ft  ft 

a 3 

4 

M 

•4 

CA 

ft  © 

- © 

44 

ft  *4 

H 

44 

4 4 4 

ft  o 

M • 

M 

Z Ul 

4 

ft 

u -4 

«4 

• m4 

44 

44 

44  44  44 

4 4 

ft 

2 m r 
«!*.»-  n 


ft  U.  ft  ia 

H M M D 


Of 

O Of 

ft  o 


MS  m 

H * ••  • » 

Old  O (A 

• «fi  • *—  • 


l«4*»  H Of  *OIVi«  H a - 


• M 

N v 
► 


■ e»  •»  ir 
• IA  * 
MO  » vO 
" IT  — 

^ ' Ul 

ft  — a *- 

H 4 H 
o “ U Of 

a i 


HUH 

x 

A 

ft 

H 

I 

• 

Z 

O 

H 

M 

ft 

o 


► a u.  m x ♦ • m 


a «■«  a» 


O'  «4  A — ^ i 
M ••  H » W I 


N <X  «4  4 44 


<—  Otf*  • • • 


► «■*>-  U *4 


O'  m 
ia  IA 


A H Aj  C 4 


w a m 


IT>  Wl«s  h t 
t<  » I*,  r k I Al  N 

•»  4>  w • a>  ^ a >-  h 

A - IA  - V*  O'  Q l/J  O 

w hi  4 w Ul  4 H *T  © ^ 

— t-  r ^ o jy  o 

M OC  ft  -j  Ul 

a ru.  r 4or 


r o 
O'  <* 
O Ui 
ft  ft 


V 4 »*  • — M 

_i  C*  ft  *4  — fu 

U U*  MOV 

m r /n  rf>  n o m 

J C T M IA  n H I 

V D*4M  *4  , 

MR  7 ft  w © 

O ^ v lit  «>  I 

J^JVNOWO 
J M J 4 HU  1 

4*»40ouia:r« 
u > u o o a -X  o i 


O —ww 


t C r>  C 


c c 

cn  m 
X X I 
V V 
l/l  M - 


4 4 4 H M 

O HI 

»4  Of  ft  ft  O 

U'  ». 

n a)  /*»  m ♦ 


4 N 

•»  r s 

h *»  v 


M 


> V H • «4 


1 “ H H 


• A V 

• 44 
^ — 
w V- 
n tit  «f 


_J  X _J  _J  _J  M O j j 4 H J H I IA  *>  X < 


-J  3 ■ 
4*  t/>  - 
U □ 4 


J M ft 
«J  ft  o 
U X b. 


' O ' H IT  4 
OyOH  w*. 


oouuouoou 


o : 

*4  M 

> o a 

l (A  (A 

O <> 


o o 

ft 
Cl  < 

ui  a 
x 

u o 

Z u» 


Al 

r>  x 

« y*  A 
%-  a o 

it  n it 


X »- 
ft  a 
a o 


176 


INITIAL  VALUES  OF  NEXT  RUN.  SATEOTN- 

PRHTtll  • 0.8  SATEDVN 


■* 


■SNNSKA0«U<0««OU««0'<J>0«(rCMr9(r0«0<OOoaOOOOaOH«F4*Av<v4TA*ATArtr4NMMMNNNNruN 

(*Av4*4«4«4N4*A*t»4«A*A«AHH«4v4«4«4v4v4H«4«4««»<NNNiy)MNNNMigNNMNNN(MNMNNMNMNIUNNNfU 

2ZZZ7ZZZZZZZZZZZZZZZZZ2ZZZZZZ7ZZ2ZZZZZZZZZZZZZ7ZZZZ2ZZZ 
► ^vvv^vvv^vvvvvv^y  >■>■»>  v h h w 

0000000000000000000000000000000000000000000000000000000 

UltlUIUJbibiyUUIUJuJUUlUUIUUJWbl(A)UiWUiUMAJlA*kMAlUMJbilAikiUlbJUIWUMAjyWUiUUIkJtAiklUiUUI>JhJUJAiibJ 

«)V)VIVIV)VIV)bnMVIVlVMrtV)M^MV)MV)VMOVtMV)MV)(rtMMMMMMMVH/)MVIVHAVIV»Vn/)VMAV)V)MV)V)VMO(n 

o 

Of 


>r't  • 

• •or 

Ibtf  i 


0 

Of 

0 

Ul 

u- 

0 

0 

X 

HI 

Of 

0 

O 

•k 

A 

•k 

0 

0 

-4 

0 

►- 

X 

O 

z 

9 

u 

Aft 

►- 

X 

0 

O 

0 

Of 

HI 

* 

0 

in 

»- 

•k 

flk 

0 

Of 

u> 

• 

0 

(A 

HI 

0 

0 

O 

4 4* 

Of 

0 

I- 

Of 

0 

u. 

aH 

•» 

Ui 

HI 

Ui 

HI 

• 

O 

► 

•k 

H HH 

m 

X 

M 

O 

0 

-4 

u. 

M ■ •* 

s 

a 

N 

cJ 

X 

■4 

H| 

5! 

M 

►- 

> 

►> 

HI 

HI  M 

O 

•k 

z 

H 

* 

* 

O 

-J 

X 

Ui 

» 

•>  • 

0 

<0 

Of 

4 

Of 

X 

MMH 

X 

M 

z 

Ui 

HI 

4 

X 

• 

0 

«k 

u. 

O 

•»- 

a. 

0 

HI 

4- 

u 

z w 

• «o 

• 

V 

z 

H* 

O 

HI 

•4 

A*  HO 

CD 

4 

O 

0 

- «v 

HI  ~ Of 

O 

X 

-J 

Of 

V 

«-  u. 

0 X 

• 

HI 

Of 

Of  0 

Of  Of  • 

I-  * 

X 

0 

Z 

«k 

«* 

Ui  H- 

M 

0. 

HI 

z 

■4 

«« 

Ui 

0 

• H 

O 4 

Of 

w 

Of 

h- 

z 

O 

*-«  • 

H- 

»- 

H- 

_J 

HI 

• O 

— © 

< -X 

• 

O 

Ui 

>* 

H 

0 41 

0 

Q 

X 0 

-1 

O 

z 

*-  0 O 

• 0 

4 

O' 

HI  _J 

u 

• a* 

H ffl  L-  C 

®H  *30 

0 u 

•4 

z 

*-  a* 

UltfOftfOHOX 

Ul 

O 

Z V 

Of 

x <r 

n *■*«**■  w 

h 4 r a- 

T* 

Ul 

n 

•M 

0 

Of  • 

«a  4 

O 

• • 

• • 

z 

•k 

Ui 

a.  uj 

«>  ^ 

«*  — 

— cr 

•A  H 

HI 

H 

— i 

z 0 

.4  -■»  **  «r-  j 

*»  41#*  ► 

— cr 

r ••  ff 

0 

*•»  ♦ • 

►.  H»  H.  -#  « .4 

41  41  *1  K 

*r»  rr 

H# 

— <r* 

M M 

III 

“V 

• 

• *- 

-i 

0 

0 it* 

ift  tft  i/1  4i  i/1  i/I  i/*1  i/1 

« «£ 

vD  lb  0 II 

HI  *• 

HI 

4 

0 

€L  .4  M 

w w w w 

w w 

— 0 

HI 

r 

0 

X 

Ia 1 tit  All  ill  III  III 

III  III  Ul  Ul 

Ul  Ul 

Ul  LI  O'  M 

-*  *>» 

Of 

Ui 

»—  ►-  H H H H- 

H HH  H 

»-  H- 

hi  y~ 

UJ 

> 

H MM  M M M 

MMH  H 

HI  HI 

HI  -4 

Of 

H> 

— J 

J <7 

of  or  of  oc  of  a: 

Of  Of  Of  Of 

Of  O'  Of  Of  u.  — 

0 Ul 

UJ 

4 

0 

4 U.  *- 

X X X X XX 

X X X X 

X X 

X X HI  J . 

0 0 

O 

u 

AA 

Uh>- 

r r r r r r hmmmmmmmh 


o r 
•-  oc 
a. 
o 


& 

x 


ox  • 
c*  C*  Wm  •*) 

4 • #»  * • r*  •» 

OHO  a A 

• w IT  (T  M o 

A%  A n H H Ia  N n»  •>  « 

tc  lu  ►*  «on  »iai 
0 O 

H HZ  W*»2 

* M ft  UJ  r<  L*  M 

J w IA  iO  H — J H - H « H *~ 

o h r>  7 fn  m r 

• u.  *•  oo-'-ou.  o: oao 
OM>-oaa>-OHjoio 


o 

*~ 

o 


HlL«0  V H H 


% 

«* 

o 


o .* 
«0  H 


V)  O 
-J  v z 
o 

0 * * 
X • 

► »w 
«n  _•  • 

Z ^ • 

ora* 

hh  ru 

A—  *- 

o o * 

^ O V. 

A—  •» 
Of  • 
IaMaI  • 
d J 7 

r i**  o 

•*  7 M 
0*1  H 


a 

•*  r ck 

N < Ul 

v n « 
v r 
s o a 
v z c 

V 

VMM 


«T  * • 

r • • 
or  a*  <r 

O (VJ  w 

U.  H-  H- 

H N 


o o o o o o 


ouuoou 


Of 

o 

o 


177 


PSOGSAH  SATK>rN  TU/ru  OPT=l  FTN  l.t'PJTO  12/20/7*  16.J2.V0.  1*A«E 


* 


o *4  D.  05  id  u>  r-  *5  O'  o d;  x>  .j  «D  «D  0.  eo'o»nfur)jin^Nc(7'Or«ryfi4'U''£iK<''T'0'HM«^tfi'0 
n M « w r w n M « r)  .f  ? ^ J 4 .4  -*  4 ^juMnir.  ir>iMniruni/»^vDj)^«D<o<X)«)^o^KSNKtsKN 
CU0J0J0jt\J<VJDJfVjr\J<\JD  .gtJ0JCvi<\J«\JDjDjDJt*jD/<\jDJ<\J<\jD;«lJ<VJDJC'JCUDJ0JIMDJ<\jDJDlDJDJDiDJflJDj£MDJ 


3 Z 
V V 

a O 

UJ  U UJ  UJ  a.  UJ 


: z z ; 

• *-  V ; 
1 o o 1 


Mtr(  w WMMWMI 


2ZZZZ27Z22r2  2ZZ7Z222  2Z22Z^ 
>->-vy->*vvv>.v  >-v  >*vvvy»->.vvv>.>-v> 
QCQOQOOCjaQCOOOOOQaOOQOOOOO 
UJ  UJ  u J Ul  UJ  Lu  U)  UJ  UJ  k)  U U.  4_‘  !;■  LJ  w UJ  a;  Ut  bJ  UJ  UJ  'J  UJ  UJ  Ui 


tu  • 

r t 


• .X  » 

- 0.  ’ 


• K ^ *-c 


*■»  *•  CD 


• X < 

II  DJ  6 


» *•  U.  DJ  - v 


* X * 

* a. 

» * « 

' * «> 


-X  < 
* *-♦  . 
X l 


0-  I 
< 
o 


- o - 

Z I 

• Oct 

• » Z O'  (X 

* _J  * **UJ  I-  «t 

* uj  <r  x -1  -j 


1 *4 

1 X 0- 


UJ  * 1 

'Or  • : 

1 »-«  X 1 
l X o 


* ID  • 
-J  • O £ 
UJ  TO  <1  . 
> -ri  Of  t 

U.  * 

• o 

O *>UJ 
Z * CD 
< II  \ 

* Dj 


DJ  o 
4 UJ 


X 

10 


10  ID 
‘ y£J  Z ' 
t *-  O 3 
DJ  M ^ 


♦ _j  u.  0 r 


• Vf\  *4 

> • or 

► 05  v 


» id 

» z 

* X U 1 


«z  *.  ► 
M ID  h 
0 2*.  I 
04  I 

z 

w •> 

• u 


< H>-  7 


*.  r id  1 

<c  fl.  s 1 

I V 0- 

0 * 

* * if 


. K •» 

0- 


S 0-  l 
V *T 

*>x 

* O'  < 

• o ■ 

UJ  u.  » 


, — O -ri  r* 


«.  t>  ■_ 


* X 

II  'rO 


I-  o 

z uj 

Ul  ID 

r x 
>-  • 
O X 
~J  o 

a » 

UJ 

a - 

1 id 
> u 0 
o 0- 

. UJ  * 


*>  ID  V 1 

V « 
J Dj  I 

- *■»  I *. 

* K.  (V» 

* •!/)  H 1 
OJ 

^ « K » i 

> X O * 

: OU- 

• V-  • 
_ x <r  uj  < 
) Oh  oo  1 

• < 

r o < 

4 *•  0-  ' 

- ID  6 


> ID 


•r4  X 
• 0. 
1 0-  m 


• r 

» \ CD  X 

• a r> 

1 n x *•  u 

0 » VO 


— CD 

— _J 

V * 

to  * 

• DJ 
O 4 
▼4  0- 
U. 


X U. 
■9 

▼<  * 


z zzzzzzzzzzzrzz 

hv>->->>-y>-h>-v>.>-hv 

0000000000^,0  0 00 

UJUJ|AlU)UJUJUJUJUJUJUJl4JUJUJUJ 


CD  * 

V o 

o Uj 


— » 
o * 
M O 


- ftf 
ID  » 
0>  •> 


CD 


• H »»  *T» 


1 UJ  * 

> ID 
I DJ  V) 


u.  u « u.  » 


- 0-  V * Ul 

0 *4  * X 

► w ll  w o 

• •>  0 * »■  X 

(/>  0 *r  «4  * 

* • r - x 

► m q:  & ac  *> 

X *4  O ID  O X 

^lL  U.  I-  U.  H 

4 ID  0 

V?  i© 


- X h* 

vD  (K  *» 
U>  O 


X O ID 

•>c  * r 

X » ID  *i-i 
v<  <D  X CJ 
w * < O 't 

h IA  I * a’ 

0.  » • 

?.  h> 

O’  r.  ID  «. 

o ••  x v x 

U.  U>  rl  h H 

H M ^ 4 


r • 
o x 
o o 

CD  V 
ll  X 

o o 

* 

>- 

6-  ■> 
h-4  IT' 

*>MK 
K 7 0- 

•*Q  *. 


X 0- 

& DJ 

a k- 
r 

ID  •>» 
»•  • 
X < DJ 

TIM  • 

w I-  X 
ID  a O 
*»  u;  • 

v Z T 
% * V-4  O 
ID  » 
M U_ 

O 


x ru  ( 

*.  J A 

0 h-  f 

tl  * I 

*-«  ID 
X • < 

01  ro  ( 
* “ ?i  1 

V z u. 
o » 

(>  (D  II 

» UJ  *■ 

• I *-  0- 


o 0* 

Uj  vD 


V •* 

O I> 


O sD 
•s/  K 
/V  0- 


0-  CD 
V 
» X 

* o , 

♦ 4 * 

o 

<r  • 1 

or 

» iD 


* * X CD 

W II  N*< 

O • 


* 0 *N 


O 0-  a o 


CD 

_J  . - . 

O X Z 

m •>  uj  i 
x x r 
* v * 
MHO 

•*  v;  _j  £ 
>ZD.a* 
- o uj  ( 
■ H Z D 1 
CO  o 


«*  or 
cr  * 


- «i  K 

or  dj 

. r»  h- 


<SI  * 

O X 

' T<  0 

i 0>  O 
> Z ( 
■ ••  UJ  > 
* -J 


- ID 

— cr 

X o 

Wh 

o 

* -4 
o U. 


) s h * 1 

■H  O I 


ID 

• (D  • 

r id  0 
o -t  *-1 
♦ xu. 


0 y n 
0-  -«  * 
ID  iD  K 


-J  O *4 
XX* 
04  0- 

X . J *H 
e«Ui 
» 1— 

Vo* 
n0# 
•*  * 11 

*H  •.# 

T V 

rl  Tl  « 

►-  0-  ID 

•T  «T  V. 

X X 

o'  cr  *• 
00* 

U.  U.  DJ 

cr  id 
10 


01  li  DJ  O *»  0-  Ul  I 


Z CD  O ’ 
O Z I 
H UJ  O 


u a < 

0 O i,i 


• » v I 

■ ♦ o . 
j • «i 
o (X 
UJ  * < 


o * 

* 01  * 

V 0 X 


X **  x 
ar  O'  cr 

o DJ  o 
U-  0 u. 


O (/■  * J * 


-*  O * .-»■ 


K 

• vt 


J * CD  V 

: • ur  - 

iriii» 
: O > * 
* Z X 
I o o 
r 0 o 
: id  w «o 
« 0 x ** 

0 0i  « 

r-  o 


r id 

or  ^ 
o 0- 
u.  •> 


r 0 * 

O «T  * 

♦ X o 
a < 

•>  O (X 
4 U • 
4 DJ  W 
CO 


V 

O 

Ul  *»■ 
CD  t- 
V *T 
X X 

o a* 
♦ o 
u. 


*4  u. 
u 0 
•a  w 
* X o. 

* a x o o 

II  O N 0 Z 
» U.  rilrtUl 


179 


73  OERrU)  = r<I*l)  f-T  97 

00  77  I = 1,  8 FCT  98 

77  T(22tl)  = r<?  + X>  pcT  99 

FCT  108 

too  END  FCT  101 


tt 


o 


^^^^,C(i)1j3iJ5\0«flX)SNN>»SsNNNK«eCC<lO*)Cei0<J'0'0'0'0'0'(r'(7'C'C'ODQOOOQODCi-H 

vCXXXXXvIXXX  H 


WNM^IA 
»4  rl  *4  H »4 


<w 

% 

w 


&iaaft.aa.ac.iU^fl.(Ufl  a.o.a.Q.e.a.a.0  e.a6.ao(U(uo.aa£ULa.{i,o.«uaa.fl.atLaflfl.(La4«. 

OOOOOOOOOOOOOOCOOOOOOOOOOOOQOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


.aiuia.&a.iLQ.ao.o.fi.&iiQ.&&a  0 
► xxxxxxxxxxxxxxxx*-*- 


o 

UJ 

(0 


o 

_J 

o- 

H 

* 

in 


a. 

O 


X 


X 

O 


*0 
>■  X 

O 

* * 

x o 

N 

X k 


K>  U\ 

X X 


V * 
* X X 


K 0- 
X X : 
H H 


a a : 
a a : 


b- 

O 

0 

O 

e 

• 

• 

6 ft 

UN  Z 

CM 

a 

CM 

• 

UN 

UN 

• 0 

M 

0 K» 

• 

UN 

♦ 

UN 

V 

• 

X UJ 

X 

O <X 

O 

«•» 

fu 

X 

O 

0 to 

«t 

O H 

UN 

a 

UN 

♦ 

»-■ 

w 

1 

• z 

O 

* 

a 

X 

u. 

•.Ul 

X 

0 M 

® 

O 

• 

» 

z 

•• 

Z Z 

1 r 

O 

0 

UN 

X 

X • 

x W 

x x 

1 

♦ 

♦ 

«* 

O M 

Z X 

x« 

z 

X 

X 

• 

II 

_J  X 

X z 

*-* 

•K 

r ^ 

M 

< 

** 

X 

a «* 

M 

X 

#• 

X xl 

X 

z 

Z 

O 

x Z 

X 

M 

fNJ 

^ O 

X 

X 

X 

• 

M 

X 

to 

w 

w 

•"  0 

X* 

** 

A 

a 

* * 

K> 

KI 

•» 

X ♦ 

X 

»■» 

\J 

• 

X * 

X 

KI 

+i 

Z 0 

X 

X 

X 

UN 

O UN 

0 CM 

II 

N 

« 

M * 

z 

z 

Z 0 

0 

#- 

ftj 

• 

• 

z 

X 

• 

X X 

M 

X 

X to  ^ 

X) 

W 

♦ 

M 

< 

0 

• 

CO 

0 

«* 

<1 

moo 

co 

X 

X 

X 

X rl 

** 

r 

Z 

* 

UN 

X 

II  • 

b) 

«* 

Z 

-J 

.* 

>- 

X 

«* 

O 

X 

II 

u 

U O 1 

O 

z 

X 

• 

0 

r * 

KM 

II 

& 

-J 

z 

X UJ 

X 

X 

«J 

X 

0 

«N 

O 

U» 

a. 

X • 

z 

X 

X 

X O 

II 

0 

«i 

X 

«. 

#■» 

IO 

X 

X 

03 

Z O 

X 

♦ 

< 0 w 0 

X 

II 

• 

- z 

, 

X 

X 

r-4 

0 

r 

u. 

>- 

X z 

r x<  z 

X u*  *s 

to 

0 

*N 

z x 

CD  * 

0 

M 

X 

X 

O 

r > 

0 

* 

< 

X 

• 

X 

X X 

A 

X 

Z 

II 

w Z 

CD  ICN 

t5 

*-• 

** 

X 

O 

z 

O 

0 

< 

X 

z 

Z X 

• 

M 

X X 

O 

* 

00 

• 

xl  • 

»-» 

KHt 

0 

• 

X 

X » 

*■* 

-•  K» 

M 

II 

• 

r» 

b ■ 

x 

H 

z 

O 

c->  X 

xC 

♦ 

x« 

* V 

• 

*-* 

0 

« 

z 

*. 

• 

II 

»-♦  »-l 

|A 

O 

0 

X 

t-. 

t 

0 c- 

C- 

«.  • 

r-<  b ^ 

c 

1 

• 

c 

e/ 

X 

X 

V 

X 

Z 

z 

Z 

w X 

X 

«•» 

z 

r>  0 

_J 

-j 

«x 

JL 

7. 

• • 

• 

X 

• 

• UJ  V 

• 

• 

UN 

• 

* 

1 

H rl 

«T 

X 

X 

O 

X l* 

~J 

*s 

K 

1 ft 

c 

tr 

• 

♦ 

7 

2 c 

ft 

0. 

1 

V 

1— * 

c.  0 

C1 

«y 

O 

O * z 

X 

u* 

CM 

O'  UN 

X 

X •* 

z 

T 

z 

T 

w c 

k-H 

♦ 

x 

0 0 a 

a 

♦ 

X 

»- 

1 

T- 

• • 

T 

• 

• x *-( 

10 

Z O 

« 

*3 

V 

X 

U) 

It  7 

X 

X 

♦ 

7 X 

C3 

0 

UJ 

0 

UJ 

(A 

X 

X 

*“  X 

Ul 

X X 

Ul  O Z 

• 

XI 

• 

X 

XXX 

X 

r 

*•  V 

Z i 

0 

X 

<» 

■♦■ 

Cm 

a.  -j 

i< 

0 

* 

II 

II 

11 

11 

3 

II 

X 

0 

«t 

-J 

0 

-J 

O J>- 

z 

z r 

e> 

0 -J 

1 

X 

a>  w 

II 

It 

XXX 

• 

r 

r 

a. 

• 

• 

11 

X 

z 

7 

z 

T 

II 

• • 

* 

II 

• 

♦ a 

V 

x r 

• 

• 

• 

It 

II 

w X 

-J  03 

1 x x x 

V 

■7 

A 

H X 

t 

ft 

a 

_ 

«*■> 

X 

M 

>- 

X 

V 

X X 

X 

X 

X X II 

X 

1 

X 

X 

X 

X 

Ul  «t 

V 

1 *■* 

X w 

w 

7 

*»• 

0 

»■' 

II 

r< 

CM 

ro 

•r  x 

X 

— J 

z 

w w 

w 

X 

w 

w W 

•- 

w 

w 

w 

w 

X 

z 

11 

x r k. 

CM  X 

J- 

v* 

ri 

_J  K 

w 

7 

O 

-J 

«* 

II 

M 

<r 

z 

i< 

-* 

X 

x (V 

u. 

X U. 

U_ 

KI 

KI 

2 U. 

a 

T 

* 

U- 

«*  *J 

«* 

O ^ 

Q 

O 

z 

U.  Ll 

lL 

r u.  u.  a.  z 

U- 

u. 

u. 

U.  b. 

z 

Z V 

Of  O -# 

cn 

cn 

cr 

«N 

<r  *r  0 

MMX 

X 

KI 

KI 

a x 

x 

X O 

M 

«« 

<a 

■a 

«*  0 ft. 

X 

00 

X 

b*  M 

M X X»  M M > 

M 

X 

X 

M 

X 

M 

X 

X 

0 

z u 

*-. 

m 

CD  CD 

cr*  0 u 0 

o 


w k> 

o 


x 

n 


181 


SU90UTJNE  OUTP  Tk/H  0PT«1  FTN  1.1»P370  17/70/71  li.3t.fj.  PACE 


I 

1 


p<«4*4p«NfuNNM(uMMMN^npfnnpinnn(>i44  ~f  J ^^44  44immmmt>aim 


IMP4«OlOt0tfl>£  U3  *£)  vO  uO  N K K 


a a a a.  A a.  <l 


□ 3D0DD-O“n3n0230n33D3DnD3D3JD33D33aDnD333nr*13D3*33r)DDr>^^nn 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


A • o 


i m r o 


*■  V* 


*4  CC 
M- 

• X 

: ia  •-* 

I EM  *4 

• 

■ O a> 

ir* 

» p w 

: O'  • 
* 

« • 


• o • 

>K2N  J •»* 


p>  a m »•  om  1 


- — or 


*4  -J 

•-  c 1 

u m n « 
«II  N 
Op.  2m 


t-O  MO 


X PI 
IH  JttHf 

w c » 

5 1M  « 

O ► 7 M ( 
JMM 
U M L 

J * M 
M -j  t 

«i  7 r 
M UMOi 


• X 
I «M  3 

1 r 


• yr>>- 

OCJ  K - O 
v V *»  • 

Man  7 O 
x y m _j 
4 m « _i  a 


J JX  J J- 


X — J . 

a -»  * 

u.  o < 


O'  PM 

o* 

N 


V)  Mi  If* 

X • 

O • O 

A A M PM  I 


r*  c •»  1 

M M V U I 

LXUCO 


M 7 7 M 

M *P  « 

N NN  _l  M . 


o €3 


VI  VI  ZZ  & (IN 

Mfl  *- 

J -IM  -J  o 7 X 
_J  -J  X H _J  .4  PM  «* 

<*  «*  o « a r r 

uoom  Omx  y 


O X 
J 

a - 

m n 1 
w #0  : 


• too  < 

0 • a 

1 H H I 


*4  y X PM 
N N N v J J N y _J 


x x .»  r n 


N 7 
N x 
— X 


o r w 
ir«  fn  ►- 
J r i 
>*  ► K 
wwa 


V**  • N p- 


i'  o r r 

• • A'  • » r 

o o a o • • 

C1  f 


X o ~ 

M Jo 

x a *4 


rii.ni 

ft  V M I 


►-  jjypitu  jj»  v-y  n *. 

O J -j  « -I  J .i  x * 

J ««OONN4<r«lZlkk.«U.lL» 
A OUUGNNUUUjHHaKHi 


182 


iti 

© 


W 


#ft4lDtf>D.«0CT*©MIUCft4tDi0fs.«0Cr'©*4ftl>ft4lA*0K©ty'o.Me\llft.*tDt0N«D04OMC\lf04»D*0K40CT*r>MCM»04lD©l'<k«C><?* 

SSSM^Kf-ClO«i«««ffie«eff>0»0'0»0'(r'irff10'0'OodOOOuOOOHHHHWTlr(rtW^NPjNMyNNNNft» 

MMWMWMMWMMMMMMMMMMMMMMMM’H.HMCMCMCMCMCMCUruCVlCMCMCMCMCMCMrMtMfMCMCMfMCUCMCMCVtUCMfVlCMDJCU 


(U 

V. 


aa.fl.aaa.4D.(ifl-o.o.(uafl.afta.att.aa£i.fl.a.a(uiiiaaa.aaaa.ft.iua.<uiU6.aaaiua.(uaai 

33333333333  3 ransoransranrjDnoonnransoDriiD^nnrJsararjxirj^ns^nranTfttano: 

©ooooooooooooaooooooooooooooooooooooooooooooooooooooooooc 


tDID 


4 

K 


oo 

•k  * 

r z 


c»  o I 
• • 
o o « 


m cm 

M M 
M M 


a a. 
& a. 


i 

II 

M M 
MM2 

c<  c*  r 

OO  >- 


woo 

Q • • • 

i OO  D 

o 

ir>  u ii  it 

II  X X 2 

«t  «x  M 

x r r t 

o X < «* 


4* 

© 

M M 

• 

• 

• 

• 

X 2 

1 

© 

• 

o 

ca 

V >- 

>• 

Ul 

«k 

; t 

40 

•> 

•k  #> 

© 

v x 

>- 

a © 

*4 

O O 

Z 

O 

• • 

M 

© © 

4 

#> 

O'  O' 

• 

z 

2 

X 

•> 

z 

O 

M 

M 

V 

UJ 

M 

*k  » 

X 

X 

X 

X 

o © 

•• 

X 

V 

t» 

M 

>- 

«>•» 

* • 

X 

M 

O O 

• 

•* 

o 

•k 

H H 

o 

X X 

tft 

X 

1 

UJ 

o o 

«. 

M 

o 

•k  » 

ID 

z 

•k 

O'  O' 

w 

«k 

»-* 

CO 

•k 

*4 

1 

© 

• 

UJ 

2 

2 

X 

M 

z 

1 

• 

X 

M 

M 

X 

X 

If* 

M 

•k 

o 

*k  »- 

M 

X 

X 

< 

o 

r 

#> 

o 

r-.  ^ 

M 

X 

X 

• 

1 

A A A 

♦ 

• 

X 

O 

• 

r. 

• • 

X 

r» 

X 

o 

• 

C» 

z 

o o 

© 

•k 

W 

z x z z ~ 

• 

o 

•* 

o 

tr  m 

a 

«1  -t 

H 

CO  M 

*k 

M M M M 

«< 

CO 

u. 

ftf  ftr 

o 

4f\ 

Xtr  j:z 

X 

•> 

* ♦ 

w W 

•> 

•k 

•k 

•> 

< <r  «*  «*  m 

«r 

If* 

II 

•k 

to 

fft 

» 

M M 

ID 

o 

C3 

4- 

X 

X 

T-l  C> 

o 

M 

M 

<j* 

X X 

CM 

CM 

M 

«h 

» « •»  * «* 

• M 

X 

O 

♦4 

ft  a 

• 

•k 

» 

X X X X »•* 

it 

O • 

a 

«k 

X 

•k 

• ID 

t 

• 

X T 

O 

M 

*4 

H 

«k 

to 

< «*  < cf  t/> 

II  O 

m a 

M 

*4  • 

M 

© 

O'  O' 

<* 

N 

CVl 

M 

r x r r cd 

X 

X II 

to 

• 

• D 

M 

1 

OD 

«k 

»-* 

O 

«x  «c  < *x  <t 

< X 

a 

Z 

* 

O 

O * 

* 

-k 

«k 

•k  (k 

CM  O 

CM 

CM 

fc-* 

_l 

•r 

x <r 

• 

O 

4 

2 

o 

X 

O 

M 

ID 

o o 

• 

M 

M 

M 

a. 

x r 

o 

M 

• 

*•  o 

© 

• • 

O 

M 

M 

4k 

M M M M X 

X 

a 

M 

•k 

X 

• 

w 

M V 

1 

*— 

* 

o o 

O 

ft 

u. 

M M M M < 

** 

•4 

«» 

cn 

«■» 

o 

« 

O 

•> 

13 

•• 

* 

a 

o 

X 

X 

ID  ~ 

T< 

wi 

CD 

«•» 

1 

•>  CM 

2 

o 

9\  * 

ID 

>- 

X 

l»  *»  •.  r.  «c 

< 

*4  *4 

J 

CM 

•» 

2 

CM  J 

O X 

>• 

X 

(ft 

► X O.C* 

X 

• • 

M 

CM 

CO 

M 

•k 

2 

M 

ID  ~ 

O t- 

M 

1 

u. 

M 

• *1 

CM 

4 

X 

M 

v ar  a r<  w 

V 

© © 

c->  <3 

w 

»•* 

O 

«r 

t— 

M 

M 

X 

M 

r»  T 

» 

•k 

• 

X 

X 

«-< 

• 

• • 

X 

« • 

M 

M 

X 

X 

2 2 © 

to 

<r 

X 

w 

•k# 

w or 

# 

* 

»-» 

X 

X 

«k* 

M 

V 

X 

< 

vv  w vX 

t- 

t_  U' 

■* 

ID  .-k 

X 

X 

< 

«i 

M 

M J 

O 

or 

*k 

M 

-1 

vH  CM 

jlrlM 

X 

a.' 

o 

-J 

13 

X 

«k»* 

1 

2 2 2 2 «t 

13 

-1  -I 

r 

V (V- 

<*r 

ft' 

X 

X 

3T 

x a 

w 

a 

M 

w 

c 

w 

C. 

w 

o 

u 

V 

w W 

c 

• 

w 

X 

MH  M U-  r 

X 

W W 

q 

a 

■h- 

V- 

V.  W 

r 

III 

M 

CD 

II  M 

#.•»  *-» 

It 

M 

» 

m 

■y 

«n  id 

CD 

k— 

■ > 1 

Ik  1 

u * 

K X X X « 

•< 

« < 

» 

<1  M 

U, 

o 

2 

H 

(1 

«t 

X 

< 

r m 

• 

7- 

a 

M M 

X 

C 

*' 

2 (M  tu 

2 

c «*  < <*  x z x 2 i it  ri  ii  ii  » ii  r>  it 
: i t r ii  < «i  <t  ii  >•  o'  . z 

y y y ^ ^ ^ ^ ^ 

HwfyKlHWMjht* 

)J jjt  m w^wwww2o 

c<«r«x<Ju.u.U-X>“U.<t«tcrfDincr'0_j 
)UOUXMHN>QH<<ICPB5aiaU)a 


< z 

O M 


© X M O >-  2 M 
M l/l  J 0 H 

l»  M U. 

CM  _l  CM  _J  ti  4 

II  -1  II  -J  Z 

O < O «t  2 C* 

Ot~OOMOMQ 


a.  < 

. u u 


m < • 

x .J 
«*  -j 

r «j 
x u 


—i  -j 

<f  «T  U. 
O O M 


«J  «J  o o * 

UuUu  I 


w 


3 

© 


CM 

CM 


3 

r> 

ft' 


3 

4ft 


M 

<M 


183 


o«4Am^uN<AKeo>e>*Km^iA4K«9o««Mm.tiA^)K«9e«4Mrt.fiA4)K«(T«Q«4Nn^UN«0f>.«flrnr(ruKt.>iArfi 
«n  W«n«  « M ««  J ^ •»  -»  4 -r  <7  44IA^I^U\UUA|Mr>lMA«0«n«i>«0M)i0«0<0«0t0KKUNN  K K K K K 10  <0  «o  <0  « ID  M 

MMAjN^NNNNfSJMNNNMfVMVJMNfaNNNIVIMfViMMNNNNMNrvJNfgNMMNNNNNNNrjriJNMrjMNNN*** 

a&na&a&aaiiaa&fta.a.&iuua.ML&a.ft&i(LQaiHL&(i«ifta&ii&.(i&&aa  & a&  ao.&B.afi  a 

3DnDnr>aD3nDD13,5033D3333DDDnD3nr'DDDD3333Dm^03Dm30^.imDD^ 

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 

*-  -» 


• n m 

W UJ  “ 
Z Cf  o 
OM>< 

a h * a' 

»-  *-  *>u 

O €l  N 

• _i  in  •* 


l < O o 

I O _4  ■ _l 

• j a a 


O **  T »«3  x 

V 19  X • 

> O O - HO  w 

• «SI  _J  sD  w O 

» »*  ^ *■  «r  »u  ui 

^ • •VOJ 
I X b-  • >D  w J O 

of  z n - i-d  a. 

> H M Ui  «* 

r m i j j 

'MM  »-•  or  .J  -J 

3 MQf  04  < 

>»•  Sh  z u.  o o 


(V  ^ ry  • t 

U»  lit  1*1  \— 

X X X l*J  *>  O < 

o o o *3  vr  • 

a.  a a z in  r 


j-ij  7 

« «*  « o x u.  : 
U L>  U uz  H • 


T X X X U. 
► X «*•*«*  «i  W 
■ ts  S S \ • 

' — *-.  _ in 


*4  «»  •»  M •>»  »->  in  « 

I ^ H H H H (f  H 1 

I w *,  w «».  UJ  *-<  ( 

r o >■  a 3r  o a o ' < 

ic^  a x o u xl 


SU9 ROUTINE  OUTP  74/74  ORT*l  FTM  ».1*P370  12/20/74  16.32.SS.  PACE 


NlOff'O^WfO^iruOKOff' 

®c*ooT(T'<Mr'ffiC'cr(rffi 

<v<v<w<uft4<\j<u<v<vftfv*4*uN 


fl.e-CLaaa.aa.aa,  a a a 

^r>nr>nnr5Dn3r)r)r> 

ooooooooooooo 


* a.  o 

* a a 


a a a 

Ui  U>  Ui 

CkC  ftf  Of 
U.  L-  U. 


x x x 

X X z 


x x r 
rxx 


*n-> 


x 

o 

X 

3 

Q. 


4/  w « CV»  UN  ui  M 
I *-  * U. 

_l  _J  _J  ~ * cu  ** 

O.GC  C II  O K * 

OOI)  • w 11  w w 
UJ  Ui  UJ  CJ^h-H  *•!-*-< 

a.  a.  q.  ox  vdi« 

w w w «3  ii  ^kh-ochz 
w ft  o iu  a «r  cy* 

J J J II  X ►-  HU-  4*r  D 

J J J »*«X  II  M flCI-D 

^ < h r q.'  o a'  u.  o u.  ? 

OUUH>fl  XQlHU.  au 

▼4  OJ  «0 
P O 
UN  UN 


D 

O' 

<Ni 


1ft 

O' 

N 


o 

m 

fc 


CM  #0  .?  V*  <£  K «)  W O ^ O M CM  K>  .7  tft  <£)  K «0  C'O  M t\)  M ^IAlON.  UC^O  v<AJKI 


K 


tsi 

V 

M 


*»* 

CL 

♦ 


in 


0 

1 


»- 

u. 


tn 

M M 


a ~ 
* m 


a 

o 


•* 

K 


sf 

K 


or 

a1 

X 

« 

O 

Ui 

2 


o 

X 

a 


X 

« 

X 

>- 


£ o o 


x 

UJ 

o 


o o 
x r 
a o. 


x 

o 

M 

10 

M * 
♦ X 
-7  < 

^ o 

w 

V I 


O n a 
• M« 
CU  — w 


o-  a 

m • • 

M M M 
~ -»  -I 
CL 


• a 

PH 

•O 

O O 

-1 

♦ 

X M M 

X M 

*7 

M 

1 

• • 

a 

M 

• ! 

O 

o 

A rl 

« T T 

« W 

w 

w 

UJ 

ph 

to 

m m m 

to 

w 

O 

• 

M 

LC  CL  a 

a o 

>• 

CL 

• 

z 

JU\  J 

M 

X 

X 

CM 

— N 

X 

UJ 

X 

M 

p» 

Of 

• • 

o 

X 

*< 

v£> 

1 

CD 

PK  « « 

••a 

X 

< 

♦ 

3 

3 

W o ui 

X 

X 

PH  O O 

>■ 

*p 

M 

a.  m a 

Of 

>• 

>- 

O M 

k M 

M Z Z 

* 

* 

ph 

>- 

UJ 

o o 

«* 

M 

w 

X 

M < « 

* »h 

* 

3 

♦ 

Of 

_J  O .J 

-J 

PH 

A 

O 

ph  ft. 

o 

X -H 

7 

o 

mp 

7 

10  O <0 

3 

PH 

PH 

O 

X 

V 

M T 

X * • 

w m» 

w 

z 

X 

► 

o 

• • 

o 

M 

M 

a a. 

1 

M*  •« 

o » » 

of® 

ph  CL 

M 

'■'* 

z 

o •*>  o 

z 

w 

w 

• 

M 

m X 

• H M 

UJ 

7 X 

a 

10 

W 

M 

Z M Z 

* 

n 

o 

M 

M 

M-  ♦ ♦ 

u.  •> 

m < 

X 

CD 

to 

X 

<t  • «* 

X 

X 

,4 

O 

PH 

0^4 

X P. 

X V 

« 

ph 

< 

CD 

to 

• UJ  • 

X 

CL 

a. 

« 

X 

o o 

0+ 

• «4M 

«f  M 

<x 

o 

M 

np 

*1 

O 7 r> 

*n 

i 

m 

«r 

• * 

V 

O V 

X V 

* 

\ 

P-. 

« 

Of 

• • • 

X 

■ 

• 

z 

X 

O Ci 

% >- 

>• 

V o 

to 

CM 

+* 

3 

in 

UJ 

0^0 

M 

M 

1-  CM 

• 

V 

o 

>• 

• • 

V 

O V • • 

U» 

c? 

M 

♦ 

3 

w 

• 

X 

* M • 

X 

_J 

a 

w 

w 

*>  w 

Mil  U 

X 7 

X o 

Ai 

<4 

CM 

o 

l~ 

M w w- 

«f 

• 

II 

. , 

ii 

»/> 

l*»  It 

«rt 

H 

V»  it  I •» 

M O 

o V 

u> 

♦ 

♦ 

M X 

* 

UJ 

J Q Jlii 

X 

ph 

ph 

CO 

• • 

ui  (D 

M • • 

*-  M 

M 

a' 

M 

M 

w 

7 

M 

X 

* T • 3 

V X 

PH 

V 

to 

<r 

U.  Ll 

K 

2 4 

CO  M M 

3 (n 

c/>  Z 

UJ 

• 

• 

> 

It 

► 

X 

z «t  z z 

UJ 

M* 

w 

M UJ 

CO  M 

M M 

m a'  x x 

O X 

7 n 

T 

CM 

CM 

Ut 

WVMh 

M 

V 

>- 

w 

V 

«• 

•u 

u 

n n 

rv 

M M 

«t  a ft 

Of  UJ 

ui  r 

M 

U 

X 

ti 

ft 

M 

w w w h< 

< 

CL 

a 

k— 

►— 

a 

CD  X 

x r 

u 

II 

o 

O 

to 

z 

a 

X 

y 

u. 

7 M 

X 

3 M 

M O 

U 

7 M 

_J 

UI 

u u.  u o 

CL 

u 

u 

«t  u 

u.  ^ 

M U U 

€7  O X 

«T 

u u.  u. 

(no 

o o 

M 

’ 3 

V X to  (A  CO 

►- 

M M 1-4  O 

3 

W M V 

MMX □ MM 

ooa 

VNMM 

in 


186 


r CONTINUE  OAMPER 

RETURN  DAMPER 

EMO  OAMPER 


w 

1* 

«c 

ft. 


5>o»<WMJUNON««ro*4NKi^trOK  090  < N M 4 lf>  O K 09e««Nn  4WOK 


N 

X 

M 


o£aco£Q£oc(XQ£o£Q(a'a£oca:oc(X(X(xo:(xcxaec*ci!(xa£c*o((Xcx&a£(xtx(X(XCi'a'a£&cx(xa'iXQCC£Q£ 

UJ  UJ  Li J UJ  UJ  Ul  UJ  UJ  UJ  UJ  IU  UJ  Ul  Ul  UJ  UJ  UJ  UJ  UJ  Ul  Ul  U)  Ul  U1  U1  U»  UJ  Ll)  Ui  Ul  UJ  lit  UJ  lii  UJ  Ul  UJ  Ul  Ul  Ui  UJ  UJ  UJ  Ul  Ui  UJ 

XXXXZ2Z2SX3XTXZX3X3S32TZZZ2XXXXXXTSXXXTSSSXS1S 

OOOCJOOOnOOOOOOOOOOOflOOOOOOOOOOOOOOOOmoOOOOOOnO 

Q.aaaQ.aa.aaaa.a.aaaQ.aaa.a.aaQ.aaaaaaa(X(i.(iaao.aa.aaac.aaQ.a. 


io 

UJ 


Of 

UJ 

trt 


Cl 

*A 


3 

O 


to 

UJ 

s 

u> 

V) 

UJ 

X 


Ol 

o 


J 

h 


ftt 

K 


e 

X 

o 

0. 


a 

0 


t~ 

< 

Of 

Ul 

z 

w 

o 


XT 

o 

M 

9-  W 

O H 

-J  tO 

o ► 

a -j 

& x 

UJ  Z 


7 * 
«<  n 
h r 
o Of 

z •* 

* T 
ft.' 

O rt* 


Z 

o 


Ul 

o 

X 

Of 

CM 

Of 

Ul 

C 

•» 

•> 

ftl 

4 

o 

Ik 

• 

—ft 

st> 

u 

M 

-* 

4* 

<\l 

-ft 

to 

94 

H 

O 

•> 

o 

z 

•k 

4 

UN 

9“ 

K 

•— 

• 

W 

** 

ft-l 

K 

CM 

o: 

z 

» 

2 

-ft  o 

94 

1 

v- 

9- 

94 

• 

2 

O 

a o 

— 

It 

-ft 

o 

-ft 

M 

H 

■ 

«o 

X X 

X 94 

o 

Of 

4 

H 

ft-* 

»- 

*4  -ft 

K 

ftt  «J 

* lO  9- 

J 

Ul 

1A 

ft- 

ft 

M 

«• 

• 

X 2 

2 9*  X 

m 

94 

«U 

V 

— » 

-J 

-ft  V 

•* 

V W 

X ~ 

V 

Of 

m 

4 

<7 

2 

o 

V X 

«0 

- \ 

3 

X 

» 

ft* 

T- 

i * 

f!. 

H 

ft— 

-H  »> 

►Oft 

>- 

o 

—• 

—ft 

•4 

ft* 

of 

M 

ft-  ft 

94  X 

2 «X  -» 

94 

w 

u. 

■ft 

*4 

-ft 

•4 

J 

III 

«•  r 

-ft 

O 4 ft4  M 

9*  “ft 

94 

94 

o 

4t 

» 

—4 

9» 

ft- 

►- 

• 

V 

4 

C Ui 

V 

• X 

1 • w 

— 

c 

►- 

X 

94 

ft— 

M 

* 

94 

*4 

z 

u> 

«J 

9« 

M 

♦ 1 9-  V 

X UN  X 

t- 

•k 

ftj 

to 

ft- 

X • 

• 

9* 

9- 

u.  ft 

1 

o 

9 t 

• 

»ft 

9* 

X 

•4 

w 

CM 

• 

» 

ft* 

It 

M 

1 

2 7 • It 

u V 

A 

«» 

ft- 

* 

O 

fSJ 

© 

► 

9- 

A V 

♦ 

X 

XXX 

-k  X 

u# 

O UJ 

U 

ft— 

■c 

n 

•* 

V-4 

tfN 

• 

94 

2 

WV*  *- 

X 

V 

X w 

**»  n - 

15 

♦ 

D 

9- 

X 

X 

H 

7 r 

UI  « *- 

XT 

►-  x:  u 


Q M • V V ** 


C«  ~ 
a «t 

u> 

M 


O V 

a x 


u 

9*  u 


X T. 

V V 


X 

V a>  »*  r*  W.  ft  m 
-K7  X *-  9-  -ft 

•tM  M H ? M V 

u r r u.  o © u.  o ~ 

h v x moa ona  oo« 

« 9 otg 

K h4ift 


H 7 H M H ? 


O O ~ 

UQH 


© 
O ft 


It  u 5J 
iy 

**■  r> 

*1  ».  O 
W*'U)Z 

► ►of  Ll 


187 


w 

o 

«* 

a 


*> 

m 


MlJlA^KO»o«4M^^UN«OK«(T>o«4fun^lA«dKC9o»f(UnjintON«90«4Ain^UV 

K il&aa&CL&aiuaaa  iq  aa.aaaaa.aaaaaaao.ao»aa.a.aaa.aaa.  a a a 

K uuuoooououuouuooouucooooooouuoooouoooouoooco 

O UJUJUJUJU)UJUJUJIUUJUJUJUJUJUJUJUjUjUJUJU>UjUJUJUJUJUJUJUJU»UJLJI>JUJU)UJUJU»UJUJUJUJIUUJ 

«g  aaAaaa&aaAaaaa&aaaa<ia.aanaaaQcaAafiacvaaaaaaaaa 

M 

ft  ft 


0. 

♦ 


a 

o 


4A 

CD 


UJ 

A 

o o 7i  ft 

oc 

ft 

• cr 

u. 

m 

O *>H  • 

« 

• 

ft  U o 

• *■». 

• 

* (A  LJ  • 

X ft 

•» 

olio 

ra 

X ft 

H 

• uw 

• 

X <0 

« 

*4  “ * 

o 

c 

M 

o 0?  ft 

ft 

* 

ft 

* L*J  111 

• 

X * 

o Of  X w 

ft 

X ft 

ft 

» u.  Oh 

« 

■l 

<rt 

M 

orax 

o 

• ft 

ft 

ora 

• 

•»< 

M 

~ ft  X 

t. 

o 

-J* 

X 

ft  « «4  ft 

o 

a 

ft 

• 

•> 

• * 

•IVJ  * * 

ca 

ft 

<D  _ 

ft 

k 

o * fa  ca 

ft 

a ft 

o 

o • • 

W 

ft 

ft 

•* 

X 

•»  o o 

ot 

•1 

• c* 

*4  * 

UJ 

ft 

«*  co 

M 

ft 

n 

ft  » • 

Ci 

• 

ft 

ft  c 

X 

ft 

GC 

• * ft  ft 

X 

o 

• 

ft 

X 

» 

i* 

ft 

•- 

lf>  « » • 

T> 

u 

ft 

ft 

ft 

o 

1 <o  ft 

3 

• 

u*  % 

•> 

ft 

w 

UJ 

» 

• 

tm. 

-J 

1- 

ft 

a 

cn  • • * 

-J 

o 

*a 

©»  ft 

o 

«» 

4 

ft 

<A 

Of*  *•»  ft  <H 

~J 

pa 

i 

o « 

J 

s 

ft 

• » • 

«<» 

Cl 

• m 

►-t 

U>0 

(V 

r 

• 

*• 

«*  ft  ft  Pa 

1>  **  v» 

• 

* 

T 

u 

• 

ft 

o 

• 

+•  ft 

Wft* 

i 

ft 

» 

ft  ft  ft  ft 

A w 

s»  f 

u 

X ft 

ft 

ft 

UJ 

d J4 

V •«  Ha  _J 

a> 

U' 

k- 

ft 

►* 

#« 

t5 

- r rr 

• 

H*  f 

■ 

m « r 

~9  V 

u.  * 

<» 

V-* 

JH 

i,i  «t>  «n  m 

•* 

M 

ft  CT 

ft 

r»  hi 

*-*  o 

u 

• 

n 

* 

O 

uj 

z r x x 

n _i 

•»  3k 

h 

j • 

H M 

x n 

O M> 

♦ 

r 

M 

-l 

a 

« 

M 

O ft 

ft 

u ♦* 

D ft 

? no 

oc 

i 

n 

w 

•J  V»  ft  V» 

ft  V» 

a 

o y 

o 

MS 

* 

u 

ft 

u 

It 

r 

» 

P 

u 

ft 

■»  u 

& w 

X II 

ft 

J J .1  J 

»** 

ft 

ft 

ft 

o r 

X 

M 

M 

r 

o 

—*  ~J  -J  *“> 

* ft 

S-  a 

r>  n 

O 1 

x u. 

U. 

r u 

ft 

««  «t  ■#  «t 

n u 

o 

ft 

rv  o 

MO 

un 

ft 

u 

w 

W 

M 

X 

M 

a 

O U O u «5 

•* 

o ft  o o u •- 

in  C*  i 
Pa  cn 

• «r»  < 


* ia  — 

> o pj 

I <v0  I 
«\  I M 


- Ul 


-J  a*  t 
r u 
m r’  i 

r * 

>*  r>  w r*  ■ 


i * O 
> O O I 


*■»  • O Pa 

M I.  U*  • 

ft  If*  r ty  j 
*•  « **  . U • 

r • u 

«. » » r1  -.  - — . 

u.  a X >*  s <n  k*  ci 

■ ■,M’ 

=*  L 


• w y 


ft 

«> 

* 

o 

• 

• 

o 

o 

* 

•l 

z 

la 

UJ 

N 

o 

ft 

• 

V 

UJ 

u 

X 

O 

o 

♦ 

a 

o 

X 

o 

» 

ft 

K 

* 

O 

ft 

tA 

a 

•* 

a 

o 

o 

ft 

M 

• 

w 

o 

• 

•> 

•» 

ft 

a 

o 

• 

* 

or 

UJ 

• 

O 

►- 

a 

o 

u 

u. 

o 

■> 

» 

UJ 

I 

X 

o 

a 

p 

•l 

a 

o 

ft 

X 

a 

* 

a 

ft 

a 

a 

» 

ft 

u> 

r 

AJ 

♦ 

X 

r 

» 

O 

• 

X H 

o 

N 

• 

O 

X t 

a 

•> 

• 

o 

X 

c» 

Of 

ft 


J3*' 

ft 

a 

0,  T X 

Z 

*-  r 

o 

A’ 

-i  H*  ft 

-J  75 

-,j  r 

»- 

d HO 

a Ou 

a 

ft  U'  Z 

U O M 

Q 

O a uj 

UJ 

a 

i* 

w 

X 


ft  VC 
ft  ft 


ft 

*4 


n 

o 


1H3 


u t 

o 


* 

A. 

V 
o 
N 

V 
M 


OOtQplXDOffiOttCDCIOCCDCDfiCDOCff  COO 


Of 

b 

X 


car 

r 


or 

* 

o 


-6 

*-  of 
o 

o - 

Of  - 


J J 
ID  UJ 

o o 


* 

o 

r 

of 


CM»4 

«•  w « 
Z«*  M 
)-4k-  • 

W 

or  — * 


> — Ci 


tn  m *■* 

o i-  * 

O . J M 

• W« 

O U ► 
Of  **  * 
tA  ^ 

« O «J 

• u -J 

~ • UJ 

->  ~ O 


t ~ V 3? 
' Of  ■“  w 


~ w V*  trt  ' 

Mft'wpt 
*-*  V l)< 

Of  o » • O « • 

• X ~ ~ ~ - 

o a* iv  w a »4M 

v ♦ «-  '-»  » « ^ 

or  t:  ik  ►*  r t *- 

s-  *«  O **  — c> 

JC  p 

«t  ex  ~ or- 


r * 

r»  3 
v*  t* 
o o 


o 

w • 

K 

V 

•* 

»V.  • 

* M* 

•«-. 

D *“ 

O 

*— 

*> 

♦* 

• 

♦- 

V 

^ •• 

*4  « 

M 

« 

•*.  * 

«* 

Ov  ^ 

3? 

«•  V 

A* 

r*. 

w 

Jr  »•» 

M 

A-- 

-» 

► 

» 

O 

4 1? 

*■* 

*-• 

*» 

M 

*— 

•* 

W* 

A» 

t» 

• 

• © 

» 

• W **» 

*-» 

>*~ 

A 

»-»  W 

A 

»-» 

w 

V 

* £ 

«5*  © * 

Vv 

A *»  tA 

•V 

• 

V A 

* 

»» 

V- 

-J* 

*i  o 

o 

V 

»4  « O 

• 

rv 

« 

u * 

1 

0* 

i-  m 

» 

• 

> 

« »*i 

M 

CT 

tt  <* 

5 

r»  • 

* 

f5  t* 

• 

O’ 

-A  * ** 

T 

or 

X 

m 

J? 

SI 

r+ 

«V 

* 

A' 

».•  <•» 

n* 

A* 

J»  * 

£ 

•*  vj  r 

t-i 

m 

i 

•F  A 

r 

»~  W 

JP 

«?  s 

»*  r' 

4 n -» 

w« 

V» 

•4 

•4  Vs  *4 

r« 

*-  c% 

“r»  m 

•** 

« w 

e> 

<*?•  W V* 

»-» 

'*  « 

*— 

fj  — 

<-• 

ui  cr 

fc*  O »» 

► O 

o 

OOtf  OF 

«-• 

• 

► «- 

* 

«t  1- 

*•  Of  w 

I’D 

* 


ar 


139 


SU933UTINE  SPCTSi  76/7I,  0PT*1  PTN  v.l*PJ70  17770/74  16.33.17.  PAGE 


5 -*-«  SSSSSSSiS JSSSSS SS SSS SSSSS; 2SS533 55 S555SSK SSS St  S 


^ SS 


— «v- 

«r  m z 

a;  3uj 

H (AO 

o z 

a.  to  ui 

v M& 


<n  z ui  : 
• • 0X4 

- >-  o *~*  *-  » 

r <p*  »•  ■ 

r ocr  «*  u.  • 

coo/ » x o : 

C<6-  ^ 4 

i I 7 O Ui  4 

r >h  u.  a>i 

o z 

it  a »-•  v i 
r T • 

- »-  u.  UJ  -J  I 

c -i  5 < 

u *-  r>  < 

)OQC  MMi 
UJ  P—  3 I 
J Ui  © 14 


oooooooooooooooo 


* ki  #. 

T w+  *+  _J  4 
\ w*  fU  • w M • 

: ► ► 7 ► ► X 3 


• p>  4 p1 

ici  hi^x  < 

, «-»  tv.  *-  IVI  .*  1 

■ U p»  # «-4  1 

• p'  « UJ  w 


I <»  III  A ui  4 * 

r »_  r ►-  r i 
i o'  m a h k . 
Oft-OffOl 
LS  U Xb.( 


X o 

P-*  — o — 

K »-«  > -• 


i — . V w •- 

mC  p>  bin  JO 
Mil.'  H D U a - 
• I UJ  O r H V ► 

. Nj  ^ M ►-»  M 

*4  M •»  6-  II 

w w«  7 

«P  -t  O ► U-  U. 

41  H H P-l 


s t#S«- ' 


oooooo  uoououoooooo 
o.aa.&.&6-&&'  & ft  & a ft-®  ft  ft  ft  ft 

MWWMWI/KlWMMWVIMWWl/IVlW 


«t  H IV 

H O -»  O 

e *4<o  Ul  bi 
w4  - • X T X 


o» 

X * 

«4  *4 
ft  A 

4 < ft 
■X  X « 

o 

►- 

■>■*  X 
► fO 

M »4 
*■  * 

► K Of 
O 

• »T 

X 

y w O' 

o 

• «0 

0 

4V  H 

wz  r 

*1  *4  «« 

>■ 

X o 

ON  KZ  Z * 

K M » U\  J W N H * 

H V*  • y f,  f M \ 

• *4  • • • • • N 

I _j  H 

o _ i” - ? -* 

« JMU.  •»  HUIMlWtal  UIJI/ 

X ^ f 3 _ 

4 ZMtf  JMHHHHflhO 

o oir  ooa’ft'tfaft'ow  z 

o uxu-ux  ***  *u.«u 

O C <f  «+ 

OO  w ft* 

«o  *o  » 


191 


; 


If 


!&v 


II 


<HM«^  HUM  J 


*<Nni|i\«Ktt9<o 

*4 

OC9OOODC»0'0'^ 

*^*•4  »4t4  t4  Wt< 

oocoqoqww^ 
v4  t4?4Ht4»4t474v4t4 

s ^ U o o o a CTO'  V' 

H «4  *4  v4  <H  r(  v< 

OODOOaOrl<H*4 

«4t4i4v(^v4f4Hv4^ 

o OOOC  ODO  C3d 
OOOOOOOOv-4v-4 
o dooooooow 
OOOOOOQO  «4<H 


»H  W M ^ kf\  I 


CT  CT  CT  CT  4T  O*0»» 


r<  t4  t4  »4  t4  v<  »4  ’ 

ovO'C'«j'tro'e'< 

*■4  »4  *4  »4  *4  «<  v*  * 
i4  vC  H *4  t4  *4  « 

H>t4«4«4NNNI 

*4  r4  t4  W W W KVJ  4 
«4Wt4«4NNMI 
<r4  «4  r<  N M ;.0  M C 


III 


■iV  ■ 

~;  ■ 


**• 

■*» 


VI 


m 


:** 


OOOOWW  • 

UJ  UJ  UJ  OJ  • • T. 

(rtwwwir  »> 

v v s v o o v 

ttisrtsxtrirtrrrii 

OOOOOOOOOOOOlflWlSOOO 


O oon  oo 
OOOuOO 
D D oo  OO 
O Q OO  O O 
OvD  40  4 

• • « t » • 

Q*  4J»  O'  O'  -f  4 
OQOO  Ot4 

<0  vD  «0  <0  r>  O' 


pDooonWei 
o o o o o o • • I 
O D 4 ^ ^ •JO'^  • 

OOfUCVJfjCJMfO  I 
«5-J‘ir>U>lAlT'LAO' 

^ ^t4v4t4v4  0\4  I 
O t4  I | f*  U>  I 
CO  <T  O U>  ( 

40  O' 
IA  CM 
*4  *> 


• • • ♦ S S 

OOUUNN  • O CM  CM 

UJ  IU  Ul  UJ  * • ►->  Ui*« 

00  tA  </></»»-  »-  U. 

SV'.NU.  U.  V « N U.  U. 

• •••••••««.*••••  » «OQ  * ♦ 

f-kh»-HJ-H»-H»-^4-fl)C0mCC)h(DUJ«t«D03 
U.U.U.U.L-U.U.U.U.U.U.U I J JJU.  ~J  </>  C£  _J  _J 

OOOOOOOC'CloOOOoOOaJOdlAno 
oC'OOnOoncoof’C’wOn  e*>  .t  n .t  k.  n 
OOOOOOO  C‘r'OOOr-,.Je5OOOOs0fOO 
ddoc,  ooaaiAL'Mr.  ino^oasonjNo 
OOCCDDOC  O O O O «t  •bCTtnC'OJ'UO 


OOOOOOoa | 

WMM(VJr<h^» 


CM  CM  CM  © CM 

o o cr 

(*-  K S 


CiOOOOOOOOD 
O OOOODQa  OO 
OQOOODOOOO 

P oooopoooo 


ocsoooooooo 
ooocinnooDn 
oooo  onoa  oo 
oooooanooo 


ocoooooooo 

OQOOOOOOOO 

OOOOOOOQOO 

OQOOOOOOOO 


oooooooooo 


I t I t I 4 • 


ooooaooo 
o naaoooa 

Q OOOOOOO 

ooonoooo 


o aoooooo 
o a □ o a o oo 
ooooocsoo 

O OOOOOOO 


ooooocia< 


< 

2 U U 
M 

• 

X 

ooeooooo oa 
oooooooooo 

OOOOOOOOOO 

500 

OOOOOOO 

ounooon 

aoooouo 

U.  CM 

• 

X O 

• 

• • 

WOO 
< UJ 
O'  <0 

X 

o 

-J 

O 1 

NNN4oOO»OCv4 

• » « 1 % 1 • 

4)0<UOOIA«M 

* % 

•J* 

Ul  o 

lAIAlAtAiOKfO-HUNCO 

o 

0«IAMt4Mm 

o o 

« 

*>  UJ 

K 

O *0  <74  o -H  •rC  f* 

w < 

o 

cn 

td  ti)  y£)  vD  (O  «D  «0  U)  «D 

40 

iOiOiDKKSK 

o or 

CO 

«0  V 

4- 

^ 4-  ^ ^ ^ -r 

V s 

u 

r>  o 

wwMMnwnwww 

n 

O CM  CM 

• 

X < 

• 

(fl^NNO40N 
OO  WK  W OO'O'  O^N 
OOOO  Hf)MW  4 iD 
OOOOOOOOOO 

O t I I I 4 I | « I 


O m IA  «n  K -4n»4M»4 
OOMKWrJOOrtrf 
OOOOt4NM4  lf\  40 
oooooooooo 


00"fiS«(DKr 
\0  H 4 N o W 4 ^ 
S (J'OrJJ04l/'« 


| I I I t I « « 


(UW-»4»4KK^«ii 
fO  K O N IfMO  0 
K O'O  W ^ 4 U>  • 

O O W »-4  *4  •*  »*• 


V N H M « II  U N u U Mil  II  U II  U H II  H 
CD  >- 


U.  Oi 
O U J 
■hf“  2 

! 7 H 

J UJ  Ul  H 

:rti-  u. 

- v > « O 

> c o uj  er> 

j j j r i-  r> 

I a a.  m 7 a>  i 

II  Ut  (II  UI  D 

0 O o l»  T X U- 

OO  trt  o 

1 u.  il  r iau. 

*»  o O »-  «4  O <A 

Z J X D 

Jl>l  UIUJ  <2  C/0  V-i 

■ i-  h r j-  a w a 

1 <t  «t  o o m «<  « 

vft'r  r &• 


c.  a'  ct  a. 

M M ►-«»-*  I 

X X * X I 


on  « 

O M 
H H 

irt^Hl 

*iuj  z a. 

rn  hvm 


o c**  «♦  \I0  -.t  K M r»  «■*  <m 
OOWMOOff'O'O'W 
OOOOWAJIMfO  4«D 
OOOOOOOOOO 
• ••••«•••» 
O < I I I t I I I t 


0<MA*N  HO*4Mt4 
00MKWt400»44 
DUrtciHWMJ  4A  U3 

OPOOoOo&ao 


OOOOOOOOOO 

«o<npnp»pnno 

o»4wr)4U'a)Nca' 


N-  Cr>Oy4M4(A# 


I t I I I « ( « 


(\JMHtISN40 
%•»  4 S O AJ  IA  \Q  *P 
K ff'‘^(MK)4lA*0> 

00»li4Wi4t4»* 


C A J 4 K rj  M M 14 
v4  .♦  »f  .♦  U\  \f>  \A 
• •••••»» 
C>  r4  WM  4 IPiD  f- 


195 


o 

z 


«4«4v4*4*4«<H«<H^(uMNN(y;NNNNAmnnnnf«)nnMn4<t>»4  ^^44 


Dt4NM4NI 

trv  ir»  «v  wt **  m 


V > 

a. 

o 


o 

UJ 

Of 

u. 


5'«5(fllft4M(Ur<0'®N*0lft4<yrlO(J»«3K»A4f0WT<O«Nv0u\4Wr«O<T'eKIA4MftJHpCf>.U3UN4i*7*HoC'«K 
Am4C'4(T‘4Cf'M©W®M»fO®WSftiN.(yS(\JS!\JN'H\D?4»DrtU)<d>i)aU'OiriOtftoUva40'4(7'JO'4l3'fOCI»^ 
sh  t-<  fvj  cm  fo  ro  4^it\^u)0SN"0(00'(J'.3otC'HM(vj«i»)4  .tu\iA«0«0ssi0(r)0N0'oo  hh  wnw  mm  j 4 ir>  ir>  <* 
OOOQOaaoaooooaoOOOr1WHHT<HTCTCrtrt»<tCTltCr<TJH»4iH-rlWfiJNWN(yWN(Vft)WWMCw 
000000  000000000  oooaaoooooooooooooooooooooo 000 000  0000 


»J)0'-4C'-40'.4C'r>a> 


>QQvCr((VWNn  ^^U\lT\UOvONN'«<OW' 
JOOOOOOOODOaoOOOODOOOHrIHrl 
'*-*0000000  OOOO  OOOOO  OOOOOOO 


OOOOOOOOOOOOOOOOO  00004 


Jft\0NlA<0r«4NSOr4(i)^M0(M<>Wlft4WOlMyi1£l4Wtil>lft©(J*|(\^OKWNi/)4rllftl00'Oe3r0U\^  .H  v0  CO  to  4f 

OK»<vI>oS.4*044®lAUMftM«4WU\rj«WHlAMMM4arUftWiD4li>c0inoU)Oa'll'vDO^Nlf'{y0'(VJ4SN.*Dt^ 

KlAWWMAWOlft(TlOT<(T'MwoO*lANlf\oo4iriMW4<\/MAoolfi«\^o««wa'«HB)oWO'cl>SWi^o,4WtJ<j 

iDMNiflTCmDJJNDoaaHMWririDqODaoHri'rCrtOaaooOtyNnwwMw^WOijiMj^WHooacjf) 

4*>»'>C0<M{M*4*4OOOOOOOOOOOC»O©OOOOOOOC>OOOOCX?OC>OOOOOO*4O0'CMt4OOOOOOOC* 


z 

o 


•4  <M  If'  lf\  .4  |f\MiOlft\C4  0'MN<J'W«)lf>WCF'0\fl*DJ«U''r((\JK  tT  iDiC  l/\K>»-t*-icr'«^>fOK*V)(r  U'MiO’^cCr(\j4  (T  N J « 
4WU'vOK*®HN  ®fJ»4inv4K)Cu^U'N«)^044^MM  «Of°lACMoO'  «'KfOO'fMfvJN.\£>CMr-  O'  i f\  O'  O'  O'  -^4  ® 4 
«'Dff'PNK>4S4WorlWf>.a'e>i)r«oiOciOtfiNNifl®in«C(OooU\U'MfArtou)c»44nrnlj3MU'«N®4MW»4«i 

fO«U)®r4M4®M*cno»4  HftJWftJW  *HOe>Ocr*r-»*H*H*H,HCT*c»*r»ciC''  n ^!  N 4 4 hM  Wn  O'  ti  W K M »^cr»r-*or>orat 

U\44nn(ViHooooapoopooc>oooooooooOQOnouc)ooooc>poo  4 4 v4oc>Oaaoooo 


U\\flftJlft«»44NKOWU)'fiK«^MWU'4Wom<J''fi4W!»Hn«)ffU(\dONr'J(SMl)4rUAe<J'Oo«WHr4cOrt^.tW»fr 
O K <r4  vO  O N.  4 vO  4 4 CO  tfN  m Lh  OO  tNlft  0(0  ftl  WlftN  W W t OH  l(\  ^>0  4lf>iDlAO»DO<T'lA0O(nfS)U'MOtMJ  S K tfl  K 
S.lf'M(\JN.lACM'}|l'CT'*J»H0'C*^rHOCrir'f^lf\O'_'  4 O'  K»  »\J  4 (M  K.  |f>  •*>  O lA  lf<  H D M M Cl'  J>  if,  H <1  ' I f\(  (T*  *0  N.  *■>  U*  t-«  vH  (M  :»  4 

(/)M(\l<£HU\OtOWaoOC)HMyTtHoOOOoOH»<HHoaooo'>(«NMIONWH4NCJJJCy4lfiNHyoCiOO 

nnnNMHWOOQOOOOaOOOOOOOOOOOOOOOOOC'AOOOOOOOOHOO'Nf^pOppoOQv 


Li) 

cl 

tA 


POCMlf  If*  CM  .4  If*  m 40  u,  vf  4 0 COfMO'f<>«oU'CMCruDuOvD4«  O H(\JS  vCvTvD  U'CO*H*HO’OfOtfOi£  O'  If*  fVj  \X.'  rH  U.'  f-;  ftiN  {4  N J ^ 
♦t  CM  IT  K,  « r M S it  MrlU-HfOMiCUT  CM  or  H n ,t  4 M M M a~,  ir\  <M  c.  • O'  (T  S ^ (*>  M N kfl  f\i  S O ir»  f1  O'  {T  rH  ,t  tT  4 0Cr'4>- 
KiiDO'C(MfOJS4MOHMN.O'®\Jlttt''ro01^SSvT®lf'r‘J>OOl/'  U>  M h «C  CMC  C.'  4 4 Oll^tfirU'*'N(04  f*'  M <4  e> 

C0*0\0  ®HN4«MHr)OHHMM(\JW  H rj  a O n O H H H H M O r)  Oil  O WM  M 4 M 4 H f)  U>  O'  .O  n K (\J  Hop  CD  .**_!«.* 

inJ4MWf>jTiQuoc>oQooacionaoaotiDOLiuoi:i  ooo  o oo  cji-o  o n cj  o 4j  h o o a o o Ohiou 


O 

CL 


196 


GPIPM  OF  POKE*  OEN.  VS  MEQ.ICPS) 


•4«4v4Hv4«4f4IUNn  ^nnMMN 

ui  ui  ui  tli  ui  uj  li  ui  ill  y tli  ui  y ill  ill 
IIMreKOtf  (T  4 0*  ONO  M w O'  tC 
«AU\N4  ttOPtHIT  J N S PI  ifi 
OK*4tf&N4NtD<OUN</(Nitfa4 
KIAMNN|AN<fi4  C 9»  <T  «0  <0  tfl  »*  « 


IWN«P»44n«NNN(SiWM^ 

Ui  ki  hi  u hi  lii  UJhihJhMtihihMiihi 
IPIVJalMAPiiOn*1i4IHOKO>U 
tfN«0n4o>oN<on4a«ccn 
N*«C>M|>PmO«4i04NNNNv< 
4 N lk>  « U>  « .fO*Mnr>4ir«K 


nniMNMNMNNN«40*i*4«iNMN4 
ooooaoooooanoooooao 
I l l « t I « t l « i ♦ * i t l t t i 
WhihihlhlUIUJhlhJUibiUihJUiUibJhihiLJ 
MOOCfw*4U)(r  O)0«HLtO«0aOoN  4 
K 4r4pMMMNP)tf»DirpOMn«Cl  « B H 
c<rNn*«i(inv44K  ifio<ri\iin^c'U><fi 
uirirta>tfio«eoiinBoNO*«0ivMrNO' 
a>r>«4r<nnc<r«<H(uoBru4Kfovw- 


N 4 O 


oCMI'n»4rCiOViP'»'(P«.  -CJMhO'N  in4MUIPKM4ftinrKBnNO<KlMAnHaCi04PI««0,()44Mfi0  N 
o«K4,ir4P)T«c<raK  / jp)pir«ocNioir  4 n ^ oo*  « k «o  p’  Ai  w n O'  k u< 

oJff'J3'4i*JOPI  «i*»«l*>«n«instMN<NiN(VNM  OHu|H<i}^<OW<fiuUt(>Buil>UU^O'4  0,4tJ*  4 J 4 O'  ^ »)  r» 
OCIOP»*»NPjPIP14ilMi«i0<*)KKr«lT>0«OO*«HNMP>P,»44lftift«04KK«'Bfl'0'noOrt»4MIVP'«  t J U\  v'  O 
n n»vunijn  oci  ti  no  ciou  nciuwoo  H »<•<  *v  H *t  h •«»<  »4  •«  H h h •<  «<  *4  Ai  a*  M ai  Ai  pi  p<  m m (v  (w  m w kj 

ooooooooooooooooeooaooaoooooooauaooaoaooaeaeaooo  o o o o o a o 


u. 


197 


zm*d 


198 


' i :»■ •y.*'a 


m? 


f fif* 

& 


uj 

*& 

* 

o. 


'p 


I 


»-,Uv- 


o 

% 


K 

fo 

a 

♦ 


a 

© 


x 


ftj  « 4 US  «>K 


ftaJK«0'O»4<VJM^lA»0K®(rnWMKi^|ftiDKC(I'OT‘N«^tf'»0K.«0'OT»WW  ■»  lf»»fl  K «3 


cpo^wn.-**ft\0Ke 
4 fft  Iftm  V ■•  If*  UN  kft  **» 


u 

o 

#- 

© 

© 

UJ 

o • 

O’ 

c in 

© 

m in 
or  «a 

z 

IT  X 

© 

a. 

M 

II 

Ift 


© • 
© m 
as  m 

W 
ivl  Ui 

or  x 

• Hh 


« ► 
UJ  W 


X >- 
« HQ.' 
Z _J  UJ 
► _J  M 
C lil 
J-  © 

u«  <T  o 
k-  CO  u 

M 

JU-  >■ 
-J  C <X> 
UJ 

H O 
« rui 
(rt  o •- 

H-4  «J 

or  m .j 
O «*  © 

k Jt 

-J  M 
• W 
o l 
« w • 
e c u- 

T 7 
C « 
X H J 

«j  f a 
c*  © 
0*7 

o a*  *- 
o < ft 
a x v 


r>  © 
ct 
UJ  o 

o u 
(V  o 

O UJ 

u © 
a ~ 

M o 
* -J 
UJ 

X u. 

• o 

4 Z X 
K «3  C 

<r  a o 
m <r  in 

• X «4 
OCX 
IU  M 

o M • 
«r  o 

» -j 

• 2 • 
o x _j 

Z M 
MW* 
W 

* o u» 

7 7 H 

c «t  iy 
o c 

W IftH 


> «d  «J 

r r — 

V 

£ 3 

U»  hi  t' 

a t g 

*»  *-  «t 

a ui 

Ui  « w 
o'  © u» 

a u a 


© 

o 

<vr 


o 

w 


M 

Ti 

CM  » 

O 

• » 

«X 

» • 

ID 

• H- 

© 

I-  u 

m 

U- 

«o 

© 

3 

CVJ 

o © 

M 

tI 

© -J 

-J  Cft 

T 

© 

tA 

<y 

-J  «3  . 
UI  <VJ  I 

o ^ * 


K «* 

o <u 

•M 

*-  in 


K O 
^ in 
> a 
«s 

o k 
m «*  » 

K ~ 
•»  »-*  <V 

k-  a m 
O in 
-J  * w 

a.  ~ © 

MN  UI 
• Cl 
*K  U 
->  w 
*)0?  ► 


••»  O 
4 o 
IVJ  4 


M 

*K  O 


c r - 
c «i 


>- 

i 
* M 

4 • 

cu  — 

o c> 

r4  r> 
w .t 
X w 
X 
- ► 

4 • 

<M 

a ra  ► 


r*  r 
a o 
*-«  •* 

t-'i  ft  x r» 
m h-  < r_  r 
T C T «*  M 
►-  iu  IV  X V* 


0 C C 

M k ' 
7 V IT 

r - - 

7 \t>  u< 

t r 

O w M 

o o c 


u v u 

t 

7 7 7 
C O U 

M k-,  _J 

in  w « 

- 7 > 

U*  1,  M 

r » : 

H M (' 
OQ  to 


to 

1 

■ 

»J 

♦ ry 

o 

k-  »- 

UJ 

1 

UJ 

© 

<n 

1 

z 

O Of 

V 

1 

«x 

UJ 

• 

-»J 

C M 

*- 

A 

ft. 

UJ  ftf 

u. 

UI 

1 

k-  © 

• 

2 

Ll 

z o 

♦- 

< 

O 

»H  U. 

u 

-J 

1 

Of 

• 

a 

►- 

a ►- 

03 

© 

in 

-J 

~ z 

C 

UJ  < 

««• 

♦ M 

CD  U 

• 

o ^ 

k-  k- 

UJ 

© 

o o: 

u z 

in  v 

© 

k-  O 

i 

V «* 

v © 

X 

u 

•> 

• k- 

• T 

♦ in 

c> 

Q 

u 

o *-  in 

to 

-J  nT 

«*  U 

o 

U 7 h 

a: 

w C 

a:  o 

W H Z 

UJ 

O 

w 

*T 

M 

H* 

V 

M 

a o 

UJ 

h-  o 

U)  M 

k— 

o a. 

X 

M z 

J-  H* 

Of 

© ► 

<S 

* l/l  M 

«t  ar 

UJ 

H I'U. 

Of  • 

h r fi*  cf  ii 

*T 

V70 

«t  tr 

• 

kluQ 

7 

k-4 

UJ  UI 

rx  «j  © 

w c m 

2 M 

a © of 

w 

-J 

k«4 

u. 

C*  UI 

UJ 

in  xa  »- 

0 U 

© 

Z Lie 

k-  c r 

© m r 

in  © 

© ft.*  T 

u to 

f f 

H »l  H 

t— 

k-  U ” 

4 r 

xs 

C 3 C 

«r  ► 

7 

k-  • 

-J  x 

*1 

<1  a. 

© i* 

U> 

«i  U 

(• 

1 

O'  L 

7 1. 

» 

.1  C wJ 

k-  X 

n i.i 

X 

r. 

«1 1 

u X 

0 

cr  u.  c 

II  *• 

* 

7 • k- 

© T 

M 

© » z 

T 

U4  © C 

►- 

T ►-< 

■c« 

M 

© ll 

II  * 

<*  n 

U 

II 

tl 

C! 

k~ 

U ll  II  1 

x C 

«.*  »• 

»••  T 

h r 

r 

© X 

T kM 

r 

7 T I. 

u.  •• 

a 

a cl  in 

U «t 

0 X Ml 

O 

CP 


© M 
O «* 


X T 
r*  c? 

» * i • 


ZT  CT 

O rH 

T 

n*  -« 

«i  © 
T w 
O 
O 
T V 
r»  a 


•1  • 
k * 

« n- 


H X 

a 


r 

^ r \ 

<*  *i  ( 


w n-  c-  c X -•  n ►- 

i • * ►-  c-  w _j 

► »-  n«Mu-^4  ccra 

r II  k..  u v-i 

I II  U II  » II  O In*  1*  ~J 

a r t*  r -j 

**«rr  T*“r‘o  rtj  «i 
; i/i  j i-  a a 3 v a a u u 


L>  o LUH>  o c>  o o o u o o o o 


o u o u u u uu  u or  o o i'  ouo  o 


5 

r 


199 


®POC*AH  SriHtPI  TI./-I,  0PT»1  /TN  i.l*PJ70  01/0  T/Ti  M.tl.ll.  P*6t 


»4««D<0^4^^<A4KK^SKKhKNKC«80««tf«oaC^9'0>9(MMr990>OOOOOOOCiOCJW<4H*4rlH 
- *lv<f4«4Wrt*4f4*4HW*OHH*4*4 

5*frtr***ttstr«r*TrTrrrr*Ttrtrrrtrtrt rt trxrrtrrrrrtrrrtrr 

H'ttVtt^Q'^ar^tf'wafQra'tfQfara'a'o'yaa'tt'tfoi'o'ft'O'ft'artfo'artfo'O'i^tfoi'a'iKora'rv’^fr'arct'M^ry'tt'af'v 

TXXirTTTTTrxxrT'TTTTTTrTT  TXXXXTTXrTXTXXTXTTXTTXXTTTTT  T XTXT 
rX2JE22Zr7Z?^72XXr7SZ777Zr2?X27J2r22X77r*?772X77*72SZrrjrrS 


> -*  U 
— T 

u»  a * x *■ 


«*■-<•!•  XX 


’N  <»MM  M It.  Ik 

> H •«  M w «k  U b 

* •'ft  - > W M M 


— _ • IT  IT  * 0 

‘ Pi  P»  fj  ll  *<  *«  M . 
. • ^ » *>' 

«■  «T  • < - in  »f  ««l 
» • K 

'U»w|,'  «r  !••  •»  t 

: h c ►-  i c r ► 

» ►<  < ►*  c'  •*  +*  or  ► 

• 0 b»  or  c u tv  c t 

. X ft.  2 k.  t»  J li.  j 


M 

%»  •*> 

o'  a 

_i 

«r  «o 

o o 

ft. 

O 

>-  #- 

u.  U. 

• 

X 

-i  -i 

u. 

H 

!•»  UJ 

to  (0 

C* 

U 

O o 

Ml  Ml 

t 

JP 

9 

HllO 

X X 

mJ 

ft  *-•  o 

o o 

o 

•* 

• MU 

M Ml 

X 

tL 

U>  * • 

►»  •— 

« m 

IVl 

X 

Om  «. 

-i  J 

*r> 

• MM 

r:  r> 

1 T 

Vi 

o 

C>  > 

*-4  Ml 

vl 

IU 

to  to 

• 

*- 

■Hoc* 

M> 

=> 

U.  U- 

ft. 

i e e 

Ml  »-1 

• 

X 

!•«  Ul 

o 

o 

•».  r r 

• 

o 

MOO 

O *4 

iO 

Ul 

M • • 

M II 

«r 

•> 

CL* 

^ o n 

•o  in 

«■ 

«7 

OO  OMM 

o o 

_*  r r 

•M  Ml 

•> 

c* 

•k 

!>♦••**- 

► 

*• 

•/  V V 

e 

•* 

«■*  «—  «» 

-J 

9 

r 

c* 

ft 

f*  W t (f  1 

I 

m 

f 

m. 

r- 

c. 

€*• 

o 

H 

— >>•»> 

m 

X 

7 

M 

to 

>- 

«■» 

N 

w 

A 

x*  W II  II  II 

X 

«•>. 

to 

«t 

c 

r- 

«•» 

MH  p»  m n a 

v-J 

*C 

a?  ► 

•J  «T  * O'  f» 

M 

-J 

PW^Wwk/ 

0 

u 

«r» 

> 

> 

> 

G C-,  *k  > > > 

o 

Ml  O 

icuucuucuu 


115  Cl  n «1  S7NMARH 

»e  CAU  SrKVLf  0.5.  5.0.  0.11.  17HJN»PLANt  D7NAHICS,  0.0,  17  I SVNHARH 

*t*J  « lt5.**12.0  s, smarm 


n 

i/t 

w 


5»{i»-<..8»ro»»i/**T  ) **(*9.  51  SINHIHH 


rrxrrtTrTZirrrjrrrrrrrtrTitTrrrrrrT’rrtrrrrrrrrrrrrrrTrrrr 

a'G'oen'aeoQtn'tyattxarn'&c^cKA'fKCi.'cefi'&Ktx'tvn'tL.'a'n'rrtytk'&ei'extriko'oen'fi'aeartruar'otottt'&n'O'ft'fr’cieoc 

rTrXTTXyTTTTTTTTIX  XTT  TTTTTTTT7XTXTXTTXTTTTXT  TTT  TTT  T TT  TXT 


CL 

X 


X 

jr 


lirt 

O' 


X 

CL  • 
X • 
«0  X 


►*  T 
<0 


or 

r> 

o 


o r m • 

c < JH 

V S JLJ 

1*1  fu  M VI 

• • o 

• •'/*«* 

-*  C»  Cl  o X- 

U K ^ O -«  — 

u - • • u 3 

v j o o r • « 

*»  “ • • -»  I 

-f  c~.  *«  4 J • 

• • i i P tr»  • 

h ►-«*  * •»  • no 

•>»  T "C  * « U « 

it>  *r  *■*  »f  *»  o ►*  o 

• \ V V N *>  • 

«•  a * c « r ^ r r ^ • • 

n s ► ff  4 c.  c <?no#  ot 
• • • • • » r ?•  • 

4 4 4 f c ► ► - • C ^ 

• *■*  w • » • C.  L >ti  ^ « 

cfctfrjr-frrf  • ► 

i«<  r w v • k • h i 

H H H ll  M H W rf  *'  T C 

II  M * H *»  w 0'  J I 

« » o ^ ^ *-  o o 

K ► I ► 4 '“i  I « . » « **  ti  r 

• ••  • »• 

4 ^ r.  .»  i 'iff  ^ w w f •-»  j 

ww»«w^m-.  «*r)(  ^ «•<' 

c — c reu  c cc  oc  > u-  ► o < 

w4 

«T  M 

«0  *t< 


X 

• «* 
• *< 
• W 


X 

M • 

or  n 


X 

a 
x i 


«r 

«v# 


T H 
vO  «t 


T 

a 


HH  NM 


O 

Ui  IA 
V L-  - 


c 

tr 


Ml"  X H • 


«f  u. 

» o 

til  • 
i r 

c 


• V *T  • * * 


w O 
■»■  III 
C T- 
C 
m 1 


X ~ l 
«A  -■»  ' 


»»  *«  • w CM 

>r  t v #>  • 4 


M 3 •»-  N M 2 


*f  X 1/ 
»t.C  • 
rf  “ t 
— ►-  T 


4 X *. 


• m v I'*  ix 


*p  W ^ ' 


«T  »l 

I — •« 

■ !•'  I.' 


• ll*  •+  1 ► !,•  #•  l.*  • 

► V »■  T ► ••  #*.  x *-  3 

» »-•  r . *~t  c r:  ►—  r »-»'■-  ►■«'  i 

a r a*  c*  iv  r r r r~  n o c~  r.  * ■ . 

■ vujusue^u.  t u.  o j a i 


■ — * *r  i 

r w • 

►-I  ».  < 


• r <-. 
<-  *>• 

; u 


m ( • 

~ - r-  C'  i 

3 U i.* 


I'*  •>  L< 

s — 4 %f  ™ 
■ i-  I •*» 

r • ► 


(T  u o mi 
H n a < 
M *N» 


b* 


At 


202 


PMG?»ft  StNMWH  *fc/'fc  OPT«t  ri>;  «,1*PJ7B  01/87/75  09. 08.21,  Pl(( 


204 


205 


o 

«* 

ft 


<\Jtt^tft*CK«  ^o  -<MW^U'v0K«5(T'O^f'JV!  i Vt  «fi  MO  0>  O «4  M>)  ^ V\  vO 

▼<  h«*4  h v4Hv4(v(u(yj(uMNN(\j<uNnn  nnn  n n 


K 

n 

a 


ft 

c 


J 

K 


O 

-J 

a 


C9 

21 


O 

IA 


3 

IA 


O 

-i 

d 


ft 

O 


W Ul 

y-  r 
o -n 
— I o* 
ft 

Ul 


II  II 
X 

«J  2 

y h 
> £ 
V 


i v v r < 

• ♦ i- 

* y y ■-  : 

»_»«•>  i 


• ♦ 

C'  «-. 

o to 
o o 

Ai  n 
V • 

«■*.  O 
O I CD 
• 7 • 

oh  a 
o X <vj 
o>  ^ 

Nv«, 
• w • 

**.  H o 
IAZN 
OH* 
O <*  ~s 

o ii  in 


• z:  c* 
z >-  t 

H 

T -*  H 

► nr: 

WO  >• 


♦ o 
tv 
tf'  ♦ 


*>  ♦ 

X X 
«*  *3 
X X 
V > 


• iTv  H < 
W \ 4 1 
M h I 
♦ '*'>-• 
O H w I 

• 7 H : 

I 

CJ1H- 
* U «* 
^ ►*  II 


<t  <\J  • 
II  • o 
4-  U II 


> X Z?n  r-, 

• M H H H H 

> < »t  < M C.>  M 

* n 

•it  II  ii  o » o 

f—  Ul  »- 

> r*  h x x ♦ 

) H » «}  d O H C 

’ t h r r o ♦ « 

: v . >.  v x 

o «j  #» 

» « *•.  *■»  *-*  T fj 

I »<  4*  * • «-4  • v.  • 

i c v r t 


N IA  • • 
C H CM  T4 

r w « • l 

: h i—  i — . 

■ ■*  jii 

I «T  H I— 

- II  • • 

C.  Ci 

» »-  z 2* 

«I  «J 

i r • • 

• t c 

» U'  • * 

c u u 


• I—  Ul  Cl 

H O O • 

• • O 

• C-  H 
Cl  • II 
5*  O • 
<7  0 1- 

<1  X- 


rtf 


H C.  ^ ’ 


i*> 

r </) 


V.  II 

2 


r y 

H X 
Q ► 


>•  r x : 

«j  H cr 

j r r 
v v ► 


> *-  i.  c r • i 

> j o j >■  r 


4-  i-  u 
: c*»  «*>  _» 


I V H H 4- 


r c 
>.  c 


H H ►—  X H H 


U.  T U.  U U 7*  U 

H > M M H > M 


H H H M H H 


U *-  U h - H H 

O -J  _l  *J  I 

• • • • II  (I 

yyy-y- 

««  W vv  y 7 

*1  IH 

u . u u u.  r — 

H H >-  X 


U1  7T 
C.  U> 


O 

iA 


O 

ft 

<r 


•7r;-7r.*rf:p7^ 


207 


3UT-0' .•Li*'r  tiCUltTIOIR  Or  OTH.lJ'f  197£..„.  Iw»UT  iNfOUIUTIOl  OITV  *tt 


r 


K KK  I.  n0» 
ea«>rcoa 


• • wi/ 


4 4 4 <«  bo  ii 


I I CM  u 


a oc  r*  o j o 
«j  c c c «•  >•  c 


c !»► 

g oc.  a J u I 
c r>  «i  »•  mi  « 
o or  '>(>c  i 


o » r*  o 


a ft  • o a • ft  ft 

UUUCkit'WO 


o a < < rt  4 r w II 
o u »i  u • • — ** 
r^oi>9,<mr 

n rt  r n w c*  u r» 


ClOO 


O •»  r»  n c o r* 

M OU  0*11  o 


o cauooo 
prro  o c* 


U to*  b<  b c*  U iv  b 

ir-  v «/» i-  i/*».  i*  n 

>S\>VNXV 


r wr  or  r.  «• 
o n o o r*  ► «> 
r*  o o n # O 
^ ^ p»  nr*  i”' 
orojorr  « 

r*  f»*»  o c*  o 


W c-*  AT  O'  or  ts  O'  or  at 
o ,(•  n c inn  w*  c r* 

*»  4 I ft*  <T  I*  <41 

■-»•*•»  c»  •»•*••■>*  ri 
Vi  P»  v*  • > ./  «0  <£>  r<  M 


• • U »>  O ■••  » ■» 


C*  I i « 
. »k  r • 

•i  **  I •*  w 
IT  ^ O 

*./  'J  r»  o vi 

• • 


• > M "C»  O 
*>.  I o I I 


•i  1 1 H .«  h •♦  r 

«i  «i  i * *i  « •! 


210 


c;9 


OUTPUTS  ‘Ti*il»TIo< 


J H Pi  u J ^ «.  i V X P*  IfT  1^  if  r Pi  •*!.  J O'  >1  iO  0 

CP>9«Ai»p>ci>fl*«r  f »•  op  w*  pi  f r ^ n 

*1*4  0 JNfjMrtUPUNP s*  •*  o *•«  «U  M •«  14  ««*U  N >• 

uoipauw  tc  wouk>t»wuii*fO««i*c*c*M 


ONKOVtfktfiOlfM^irfUKtfff-  •IfUP'ft  ti»PI  (PPVir  ipp  O If 
APOK  Pu  « O-  c>  lflPKII*«b<PlMJh,  J (T  K 1»  PJ  K • O O'  N (7*  «">  P» 

P*  » ► K0of4-KP>HUT<4)K  />  PI  I"  Ift  K C*  J 

U*<NN*«0><rifi»f40  *«  Pi  N H o nN  M P4i*  *«Pifj  H h N (NJ  »4  « • 

UiiUUt40«JtiUOUUOi/OOC>UOO«J<4UC  Li  U (j  (<  b U VJ 


P»  lt«  Ci  M Pi  «>  p<  •!  • H «Vi  K « J »« 
J *«  J 4 >4  4 »«ii.  P>ti  4 Pi4«Piw  4 

on  o c o o ou  r><TPUuf<uu 


oui'o  onn  ooooooou 


p*fl  P»WH|ftf'4MliP»K<r*L.U'»i*  4 U>  O'  C v*1  A'  •« 
n k o ft  n r>  ft  u «•  n •"  w n K P'  pi  J<  »«  4>  M r>  p f, 
■4noo«4*4r'>>o«4Hnr.  nwnr  <■  o h *«  n i ' 
onoo*jc*nonnonoop<n  non  d u n o 


m 4 »<  C f»PT«OPi4>K«'K>.M#  •«»<  p IP  r *«Pi  *4  Vs  * o P»  p*  »P  K «4^<fP«iAPi4n4  K 4 41  o 4)  «T  .4  ru  « 4 «f  o n If 

4 4>0  u>  • « 4*  nii>  k r pi  • »«  «•  K irro'PPiP'HififKuipjippip,  > 4>  pi  P»  4 .»  Pi  #■  P>  p*  ►.  c >VK  r *■  ff  u%  n p.  .<»  u*>  r>  or 

w -♦PTP»«4Pi*4UMffl*f*p*lfP.P.<»«i4»P.4,'»nK^U*»****P»P.  ^»i®*^OP*r*'P»i«P,«<'4nPi».^r  4 o O N >«  r 

M |MHPP»iPP')P  » •»  pf»Pi  J«  H'TPI  |n«4O*i.|PT0nP<.tP>*l<lPi»)PlPinPirpPinPi.1.tAinPipi  f IP  n 

Ul  i»nooc»nnuo»ii'ij»juiioiion«*»ooMoacinupnoo*it‘.inCii»niirrnrfiiMinnooon 

A.  • * * • • » • • 

I I » I I •••»•  I I I I I I I I I I I I • « I 

» r ».#  uppiPP  «.*»■  ••*!!•••  fPif  *••••*•  • r p p « • r r.  »pi>*fippur  9 ••  y 1.  u p ■ » , • 

p>  < .«  Pi  p n TP  4 4 * P • » 4 r p»  p.  p.  P P»  4 • . p 9 w 9.  *•  * • ir  Lit  P*  pi  « C if  f 1 ►,  PiPiii#  » 4 • o c - K p.  n a o 

*»u  ••  •••  p • » .*.»«  » p » c * p p . * i pOpppuu*  »fJu««p«-4rpp  ppi.  ujr  • r c r • r r 

M Ip  .f  p •>  Li  P PI  Pi  P.  «»  n ««•*•«•««•  I i p .t  k jP>nfip.(F.*  pi*.Pn»i»i,^r*^,  *»p.  J.J  ,«p  « ,|P  .♦  1 p n i • • r • 

V « * 4P*f*»  *»•  *♦«•»•  * • 1 c.  «'  1 • !•*•»*».  i«ii  L*«  r>  1 « t.  f-  no  C.  »Li  if.n.  W • «.  4 r % ■ • « « w*»w  '**.*•« 

A * • • • . 

— 4»p  n • 4*»  « «f  P*  P*  J P Pi  .»  4 ^ 41  4 ^ * P*IP  l-f  J « P P U’  f •*»  P 4*  » IT.  J rPtf.  Pi|T  P P*  wtr  n * ^ n 

Pi  -44  IP^.Nfc  OPP*4Pi«i»  0*p».*<i».|.  ' » P*  » J P«fl  p-  P ► ^ P»  T >'  Pl  « P.  »*■  f P.  » 4 • ! * h H p-  u,  p*  • (• 

w *4IP  M »|p|  •«  • t r*  »**♦  n .«!*■»*  *»P  » (f  ■"  r • P*  » |P  P * «»‘4*P,pp«P».p»pniP  ^»»»  «iP  » f .f  p p t IT  A P .p  r- 

M 4 P-  H plf  4 •<«  *»  TP>  4 P>  •»  j P>  4 P»  «•*  Pi  4 PiPi  (»  <VP>  PIP,  Li  PiPIP.  Pi  >PAi  4 4Piii*iPI  f PlLiPiP’PIIMiiHPM »♦  CVi  . • 

IP*  ooenn<iP»n*i»irji»noo»*oo#iornoorr»monoopnooop'junno/>oiiMrnoO'iciii 


♦ 4>  irt  4 0 •*  Pi  .4  P>  Pi  »•  PI  O P P-  P*  *•  U\  pi  ^ n 4,  S phUIk  J LiPitf  0 i/»P|*PP,.fl*0fPP.Pi.PUiJf  O 4 

li  f.  »-«  n*  J-  o r 4'  (T  P'  L P PI  P U P » •*  * n 4>  4 N P.  k>  • ' • •»  »*  P»  •*  If  If  . T O'  Ml  * Pi  IP  • »«  4 K|  j p-  .r  ,i  1 i f. 

- Pi  p.  p*  1 ip  if  » ,nn  » n p • V p>  x 4 >r  f p f v ••  »«r  i>  9 r*  9 9 p 4 r p*  -r  ••  .1  »•  p r p p 4 ^ • 4 *'  <r  * 

• < «•  m |N|  P|  •«  • ••  p PUN  J M P|  p.  p*  # *»  r ■ • II  «*  ««.•  . . »iP  » f 4 Pi  • * f ♦ r P • **  *■*»  • i 1 » • P«  »i  P .f  J i.  r 

n r €•••*  • »•«  •••  » * n»i<  »•*  ^ • »•  » •*•#»*•  #•#*»»•••  •'»••»*•'»  f «»P»r  • r«  r *-#•*.#  * »,*•»  « • « 


u U»4PiPI  4lf  4K  09UP<PtPI4)PifP«^  O **Pi  PT  4lf4iP»r9nnPiPN  4 Ul  «P>  « 1P0  *iP»PN  4 «H4)  K «i  J o H fi  P« 

1/1  H*lH»<fi»**«.4**^P(PiPiPiPiPiPipiPiPirnP)P»PT**P»Plp»P*4  4 44  4 4 4 4 4 4 if  If  If  i; 


211 


stc.  THim  writ  *co*tc  tconic 


rid  WAir  mil*  hh  t 

■I  f »i  •«  (*  if*  t i>  k n 7 iwm*. 

t**0*+*~*wr>tr  %+.+,  + IA  i K ^ H<  r M ^o<!  W n It-  K « ^ C ^ M »"  r «r  o'O  r . 

MMNfk|MPin>ftiA.0<V«gM<<'lM«ftl^'UA<^»tHM^«*v«>«*4*4««r«r«ftrkUnoOO0^0nonr>OO*l>‘>^«4M»4H<-lr4>«.4 

ooooouuot>iioc>novoouoooaOnonoo^uoooooooDoOuoaoo(>oar>iinoci''Jnuooc> 


• • •<  # am*  ir  t « « ».  i 
MNftvtorftK  If  r>i 
■»»  J » rA-»*wrni 


1 <T  ►»  4 f**»r 

At  A|  Af  "t  >«  ««  H /»  #»  »»  ^ ^ K A.  tO  ^ lA  HI  j 4 ^ ^ ^ n 

r4v«r<r*r4>4*«H  r*  H (>  1 1 U 4 * • 4 O •">  C<  ft  «>  < > Ct  HA  O VA  *■»  V*  HA  U 

oo**f»nn  ^ o * • o o nnonnrironft(int>onnoii  n 


Ns  r>  « --f  iP  (ft  o i.i  vv>  >«  u<  t i irt  «j  j « 

*»o  A»  A»t>  f f ir  O J’  P ♦.  a m tr  gr 

o o r»  o r>  o •?  <t  n n it  <t  o M unn  « 

Ooorioofionoo  o o o r*  o o o 


i 

s, 


i 


■:i 

j* 


it  <r  u a.  o tf1  c ^ cj  if  nwniHt  « ^ t<  if>  < i|*  t.  »r  *1  w>  «•  •-» w*  t • %t*  r»  i*»  *»  »•  w * €•  * o »r»  «»  »r  r » **  r# ...  *•>  */*  « • • ■*  • >a  « » s*  *.•  .«  . • u < . 

<n  Ml'  ».  »*  M M'  A»  r N IT  f,  ’<  At  I.  I < N M‘  t-  r>  Ail.  t.  . . A.  lA  t*  r»  Ai  IT  A '•  Ai  W*  K • A.  h>  t.  >*  IV  «A  t » ( > i,«  K - A,  n t . > .,< 

O if  f*  « IT  *1  A*  A>  O -P  N H1  IT  H K A>  U«<  At  «t|A  HA.  PlO^AlHJ  MHhl  Ht>n  Urflfl  • bl  rt  N A*  > • 41  Ai  Vl^  H A.  |M  (1  4*  Al 

f)  D tl  t A.  A1  A*  J 41  k'  >£  4)  A.  < CkfltUHvlA,  A « .»  IA  »»  *•  *>  K •.  r (A  O il  H H AMn  AW  lA  4\  .i»  V A.  ••  • T t.t  I I •«  •!  Al  A>  A>  f Ui  Jl  „< 

O H*l*l*«^*«*lf«H»«»l*«H»l»l*IA<AtAlAtAtAtN^AtA4A  igAt<W«^AjA,Ai»»lAlAiAnA,  m n A> 


212 


jendix  A Conservation  of  X and  Y Momenta 


The  equations  yielded  by  using  Lagrangian  method  are  those  corresponding 
to  the  motions  that  nature  chooses,  according  to  the  philosophy  of 
Lagrangian  Principle  of  Least  Action.  The  motions  so  derived  should 
be  consistent  with  conservation  laws  of  nature.  Therefore,  the  X and 
Y -equations  of  motion  should  be  derivable  by  considering  X and  Y 
linear  momenta  conservation.  This  approach  provides  some  checking 
on  possible  algebraic  mistakes  in  the  calculations  using  the  other  method. 

In  the  center  of  mass  system,  the  linear  momentum  of  the  whole  system 
in  X - direction  should  be  zero.  The  total  X - momentum  comprises  of 
the  following  : 


X - momentum  of  the  hub  = MX 


• * 

X - momentum  of  the  tip  masses  = d ^ m.(X  + xdt)  - Q (t)  ydt)  ) 


X - momentum  of  the  wires  = \ dr^  p (X  + (t)  - 9 (t)  yjt)  ) 


Changing  to  polar  coordinates  (see  page  3,4,)  we  have: 


x.(t)  - 0(t)y.(t)  = r.  cos  $.  - r.  sin$.  ( 0 +$.)  - r sin<9.0 
1 1 1 11  i 10  i 


Thus,  the  X - momentum  of  the  entire  system  is  found  as: 


MX  + E [ fm  4 Pr.M  X + r cos*  -r  0 sin®.)  - ( mr.  —r~*  ) 
^=1  l iio  i i2 


( 0 +| .)  sin  *.  ] =0  (equates  to  zero) 

ii 


Similarly,  the  Y -momentum  of  Jio  entire  system  is  found  as: 


. v . , . ** 

Y + . . ( (m  40r.|  (Y  * r.  sin  ! U cos®.  0)  4 (mr.  t •>  ~r~  ) 
* i i io  i i Z 


ft. 


(6  + cos  $.j  = 0 (equates  to  zero) 


( A-2  ) 


•I 


The  time  derivatives  of  the  linear  momenta  equations  must  yield  the 
corresponding  equations  of  motion.  Thus,  differenting  the  X - momenta 
equation,  we  have  the  following  X -equation  of  Motion: 

..  4 f 

MX  + $ , < Pr.  ( X + r.  003  4’.  - r sin©.0  ) + (m  + pr  ) 

[ i i 101  1 

**  , • • i,  , 2 

(X  - 2r.  sin  I.  [ Q + <J>.]  - r sin®.  6 - r cos®  0 ) -(mr  +P ) 

ii  1010  l i2 

( [ 0 +♦  ^]  sin4>.  + [0  + cop  4>.)  | = 0 ( A-3  ) 


Similarly,  the  Y -equation  of  Motion  is  obtained  as  follows: 


4 f 

[Y  + J pr.  ( Y + t.  sin 

i=l  t i i l 


+ r 9 cos  ®. ) + (m  +P  r . ) 
o 1 1 


( Y + 2 r.  cos| . [ 0 +1 .]  - r sin®.  0 + r cos®.  0) 

1 1X01  o 1 

r2 

(mr.  +p  — ~~  ) ( ( 0+  |.]2  sin  \ - [ 3 +4'.]  cos^.  ) i = 0 { A-4  ) 

1 C*  XI  XXI 


* . I 


tv-  rr.  ■>£. 
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Appendix  B Conservation  of  Angular  Momentum 


For  simplicity,  it  is  sufficient  to  study  the  case  of  one  boom;  (for  4 
booms,  let  r — and  <t»  — • with  summation  over  i = 1, . . .4).  Let 
p — 0 for  further  simplicity;  (integration  over  r if  p # 0>. 

Total  moment  of  inertia  I>j*  is  the  sum  of  that  of  the  hub  plus  that  of 
the  boom  (s): 


1 4 m ( vc  + rt 


+ 2rr0  cos 


( 11-1  ) 


The  total  angular  momentum  about  the  center  of  the  hub  is  the  sum 
of  that  of  the  hub  plus  that  of  the  boom(s): 

I0  o + m { r4*  4 rj"  * 2rr0  eos$  ) ( a 4 X ) 


and 


I-.  © 4 m { r“  4 r 4 2rr  cos  0 ) X = I_,  o 4 { x 
i vo  1 m 


where  X = tan' 


X = 


dt 


tan 


(r  sin  * \ 

r0  4 r cos$  / 

1 / r sin  z \ 
V r 4 ar  cost  > 


Since  ~~  tan"  * 
dt 


(x)  = — t — x , we  have: 

1 + XT 


X = 


i + 


s?n^6 


2 7 7 

ro  + 2r  r cos$  + r cos6<{> 


r sin  0 + r cost 
rQ  + r cos  <{> 


r sin  <J>  . • 

r ; — tt~  ( r cos  6 - r sxn 

(r  + r cos  b )c 


in  <p  <$> ) J 


(rQ  + r cos  <$>r 


ro  + 2r  r cos  + r* 
o 


(r  + r cos(j>)(r  sin<{>  + r eos<$>b) 
o 


( tQ  + ; cos  Q)c 

r sin$  (r  sinb$~r  CQS  ji) 
2 

(rQ  + r cos  <p  ) 


j J # 

v ( r sin  <J>  r r cos<?<?)  + r o 
o 


r2  + 2rr„  cos  <p  + r 
° o 


2 


Hence,  the  total  angular  momentum  becomes 

L,  0 t I X = I„e  * m ( r ( r sinb  + r eosbb)  + r^d) 
1 m T o 


! li-2  ) 


If  there  is  no  external  damping  or  force,  the  total  angular  momentum  of 
the  entire  system  should  be  a constant  of  motion.  Hence, 


» • 

jr  ( :«  0 + I X ) 
at  1 m 


0 


I B-3  l 


litis  conservation  law  should  yield  a P ^equation  of  motion  identical  to 
that  obtained  by  using  Lagrangian  method. 


" n £ * I x ) - 

at  T m 


1 d * la  * m r.,  (r  sin  b * r co$<s«)  * r*'b 
I T 81  u 


r:  ( l * ro(r2  * r 2 * 2rr  cosO)  ) & ■>  !„*©* 


at  o 


- m(  {2  r cosbb  * r cosob  — r sindb2  ) ■*  Zrrb^  r**b  1 


2i6 


0 in  ( 2rr  f 2 cos  4*  ***•  2rr^  sin  <p  <p  ) 5 + 
m[  rQ  (2r  cos  ^ + r coa<*i  — r sin$<>2)  - 2rr<f>  + r2  <>'  ] 


V°  + m | ^"(r2  + n*o  cos£ ) + 2 <0+<> ){  rr  + rQ  r cos  - rD  r sin  $ *>) 

+ r ro  sin  4 |=0  (equate  to  zero) 

which  is  the  desired  0 -equation  for  one  boom. 

For  4 booms  with  P^O,  the  total  angular  momentum  of  the  system  becomes 


4 / t 

JT  0 + i=  t ( Ai  ^i  + Bi  ro  cos  4>i  + Dj  rQ  r.  sin  oi  j. 


= constant  oi 
motion 


Differentiating  the  angular  momentum  should  “ive  the  (•  - equation  of 


motion: 


..  . 4 , 

IT0  + 10+  £ J 2B.  r.  f + D r r c 

k 1 i=  j ‘ i i i lie 


cos  (>.  6+  A.  A 4 
1 l i 


B.  r cos  «6.<i.  — 3 

i o ii  i 


i ro  Sln  *i  V * °i  Vi  Cn*  ♦i  + PfiVi  sm  *i  } 


*T®  -|M  ! 2Bi  \ * 2 Di  ro  «•»  h + i,fi  r0"  - 2 »i  «»  ♦,  ♦,} 


f M { *t  ‘ Ai  * “l  3 cos  V ’ 2<  ”,  fi  ’ »,  f,  «*  *t  - 


* • 

B.  r sin  o.  $ ) $ * B r sin*  6 

1 ° » 5 * SO  i S 


*•’  r , r s in  V .■ 

tO  5 I 


*1*  L ' * ( $ “ 0,  H IS  r * 1)  r r.  cos  c - 15,  r sin  $ § > 

* s’  | i i i sos  s so  i s 


* V V ®,  3 «“  ♦,  1 * *»  «”  *i  ♦,*  * of,2  V ».n«.  . ,f.  r 

2 0 (equate  to  rorol 

which  is  the  sansr  as  that  derived  hv  «*»«£  ! Agrarian  method.  7*  ;r. 

the  0 - equation  of  motion  for  pore  rotation  without  translation.  < The  SVmh 
A,  is.  etc  are  define  ‘ in  Chapter  3i. 
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Appendix  C To  Derive  Some  Simple  Frequencies 


Consider  a simple  situation  with  the  following  assumptions: 

1.  No  wire  mass  density 

2.  No  boom  deployment/ retraction 

3.  <£  and  <}>  are  small,  but  6 is  not  small 

4.  8,  $ are  not  negligible 

5.  No  translation  and  no  damping 

6.  Only  one  boom,  all  booms  in  phase,  or  all  out  of  phase 


Such  simple  case  gives 
<j>-equ: 


2 *t  •*  2 *2 

mr  6 + G (mr  + mrr  ) + 0 mrr  sin  * = 0 

o o 


or: 


2 2 *2 
r i>  + 0 (r  + rr  ) + 6 rr  4> 
o o 


= 0 


( C-l) 


0-aqu: 


I_  0 + mr  (r  + r ) <t>  = 0 
i o 


( C-2  ) 


Note  Q-equ.  can  be  derived  from  Lagrangian  L of  the  total  system,  or 
from  angular  momentum: 


_d_ 

dt 

d_ 

dt 


I 8 + m (r2  + r ^ + 2rr  cos  4>  ) ( 8 
o o o 


9 + <t>  )J 


I 0 + m ( r2  + r 2 + 2 r r ) ( $ ) « I 6 + mr  (r  + r ) *$ 
1 o ° I 1 o 


~ 0 (equate  to  zero  because  it  is  constant  of  motion) 
where  I is  assumed  constant  because  <f>  and  i|>  are  negligible  so  that 

Irp  ~ 1 + m ( r2  + r 2 + 2 rr) 

To  o 0 
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n — 'f—nwiMinMi'M 


is.'. — ii2^8  .<■«>. 


— ...  ,n..;tA.  i 


Uncoupled  Frequency 


If  the  hub  is  macoupled  to  the  vibration  of  boom,  then  the  hub  rotates 
with  constant  & ( = os  ),  so  that  equ.  ( C-l  ) becomes: 


r^<j>+0  rr<|>=0 

o 


“ 2 rn 

or  4>  + o>  . — 2_  $ =0 


Hence  the  uncoupled  frequency  Q.  = o> 


( C-3  ) 


Coupled  Frequency 

In  the  coupled  case,  0 is  dependent  on  <£.  Combining  equs  ( C-l  ) and  ( C-2  ) 
we  have: 


j~_  mr  ( r + ro ) 


r2  + + mr  (r  + rp)  Vl  ( r2  + r ro  ) + 02  r rQ  «t,  = 0 


I""  2 r (r  + rQ  )m  2 ' 

r __  ( r + r rQ  ) 

L IQ  + m { r + rQ) 


<j>  + 02  r r o = 0 

1 n 


£ Iq  + m (r  + rQ)2J  r2  — r2  (r  + rQ  )2  m 


<^  + 02  r rQ  i(>  = 0 


T 

I r 

$ + 62  r r0  <t>  = 0 


I, 


•*  . A?  ro 

4>  + 62  T*  "7 — 4 


I r 
o 


= 0 


rc 

V !° 

r 

( C-4  ) 
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Appendix  D Characteristic  Determinant  for  Inplane  Dynamics 


In  this  appendix,  the  following  symbols  are  usedi 


Lot  a = au^  ~ p 
b = bu^ 

M = ^w2 
d = du2 


e r e oj 


c = car 


The  right  hand  sides  of  the  above  identifications  have  the  same  symbols 
used  in  the  chapters,  while  LHS  symbols  are  specifically  for  this  appendix 
only. 


a 

0 

0 

0 

b 

-d 

e 

det 

M 

= 

0 

a 

0 

0 

b 

-e 

-d 

0 

0 

a 

0 

b 

d 

-e 

0 

0 

0 

o 

b 

e 

d 

b 

b 

b 

b 

c 

0 

0 

-d 

-e 

d 

e 

0 

M 

0 

e 

-d 

-e 

d 

0 

0 

M 

a 

0 

0 

0 

b 

-d 

e 

a 

0 

a 

0 

0 

b 

-e 

-d 

0 

0 

0 

a 

0 

b 

d 

-e 

0 

0 

0 

0 

a 

b 

e 

d 

C7 

+ t°6 

0 

b 

b 

b 

b 

c 

0 

0 

l_ 

0 

<#+e2 

— r~ 

0 

d2+e£ 

e 

0 

M 

r ed  . 
C6'e2+d^ 

^ 

C7 

D 

deM 

e2M 

0 

e 

0 

-e 

0 

0 - 

5*5* 

d^ 

T 

e 

a 
0 
0 
b 

£+e_2 
" e 

0 


0 

a 

0 

b 


0 

b 

0 

d2+e2 
" d 

0 

b 

d 

0 

a 

b 

0 

-a — 

b c 

0 

0 

c&e2  « 

— 0 

0 

d2+e2 

-ar~M 

dc 

d2-**? 


M 
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c6  , dC7 
d 


> 


O7/ (d2  + e2) 


R6/(d2  + e2) 


0 

0 

0 

b 

0 

1 


0 

0 

0 

b 

0 

i 


0 0a 
b b b 

• {t£+d"/  0 c?+e? 

0 -i  0 


0 


0 


-1 


A 


b 

b 

b 

b 

c 

0 

0 


■ i 
0 
i 
0 
0 


-M 

c£ + 


0 

-(£  +e?) 

0 

<<£+e2) 

0 

(<#+<^)M 

0 


b 0 -1 

b 1 0 

b 0 1 

c 0 0 

0 0 M/(d2+e2) 

0 -M/(&+<?)  0 


For  further  simplification  of  notation,  let  us  denote,  in  the  rest  of  this 
appendix,  the  following: 

M 3 M / (d2  + e2) 


D a 


a 

0 

0 

0 

b 


0 

a 

0 


0 

0 

a 


0 0 
b b 


0 

0 

0 

a 

b 


b 

b 

b 

b 

c 


Then,  the  determinant  |aJ  is  expanded  into  a sum  of  terms  by  means  of 
Laplace's  expansion: 
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a b 
0 b 


b 

b 

b 

+ 

b 

» 

b 

b 

-1 

0 

0 

4 

0 

i 

0 

-i 

1 

0 

-1 

0 

0 b 
a b 


a2  (c)  - ab  (b+b)  + (-ab)  (b+b)  = a2c  - 4ab2 


b 

b c 

— 

a 

b 

b 

b 

+ 

0 b 

b 

b 

b 

-i 

0 

0 

0 b 

4 

i 

0 

a b 

4 

0 

0 

0 

1 

0 

0 

0 

i 

0 4 

1 

= — a^  (-c)  — ab  {b+b)  - ab  (b  + b)  = a2c  — 4ab^ 


0 

0 

a 

+ M 

a 

0 

0 

a 

b 

-M 

0 b 

0 

0 

a 

b 

b 

b 

0 

a 

b 

b 

c 

a b 

b 

b 

b 

4 

0 

0 

4 

0 

0 

-1 

0 

0 

M ab  (ab  + ab)  + M a2  ( -ac  +b^)  + Mab  (ab)  = M ( 4 a2  b^  - a^  c) 


a 0 

b b c 

- 

a b 

0 a 

0 l 0 

0 b 

-10  0 

b b 

0 1 

-l  0 


0 b 
a b 


b b b 

-i  0 1 

0 -1  01 


= a^  (c)  — ab  (b  + b)  - ab  (b  + b)  = a2  c - 4 a b^ 


a 0 

0 a b 

+M 

a b 

0 0a 

+M 

0 b 

0 0a 

0 a 

b b c 

0 b 

b b b 

a b 

b b b 

-1  1 0 

-1  0 1 

0 4 1 

= M a ( -ac  + b^  + b^  ) + M ab  ( ab)  - Mab  ( - ab)  = -M  (a^c  -4a2b^  ) 


1 ~lVV-  -i  V 
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■VV''"- £2^‘7*Z%{I?!\ ' ' “•  fptf. ; 7T 


a 0 

b b c 

_ 

a b 

0 a 

i 0 0 

0 b 

0 i 0 

b b b 
0 1 0 
-1  0 1 


+ 

0 b 

b b b 

a b 

-i  1 0 

0 0 1 

= a i2  (c)  — ab  (b  + b)  — ab  (b  + b)  = a2  c - 4ab2 


U = -M 


a 0 

0 a 


0 a b 

+ M 

a b 

0 0a 

-M 

0 b 

b b c 

0 b 

b b b 

a b 

i 0 0 

0 i 0 

0 0 

b b 

-1  1 


-Ma^  (ac  -b^)  + Mab  (ab)  + M ab  ( ab  + ab)  - M (4  b^  - a3  c) 


= M 


a 0 

0 a 


a 0 b 
b b c 
0 1 0 


-M 

a b 

0 a 0 

4 M 

0 b 

0 b 

b b b 

a b 

-1  0 1 

0 a 0 
b b bl 
0 0 i 


Ma2  (b2  -ac)  - Mab  (-  ab  -ab)  + M (-ab)(  -ab)  = M(4a2b2  -a3  c) 


I9  = 


a 0 

a 

0 

b 

1 

£ 

ro 

a b 

0 

a 

0 

+M2 

0 b 

0 

a 

0 

0 a 

0 

a 

b 

0 b 

0 

0 

a 

a b 

0 

0 

b 

b 

c 

b 

b 

b 

b 

b 

b 

= M2  a2  ( a2  c - ab2  - b2a  ) - M2  ab  (a2  b)  + M2  ( -ab)  (a2  b) 


= M2  (a4  c - 4a3  b2) 


Collecting  the  results,  we  find, 

9 

det  } A | = C 1^  =4  (a2c  -4ab2)  + 4M{  4a2  b^  - a3c  ) + 


i=i 


M2  (a4c  - 4 a3  b2) 


(Ma  —2  )2  a ( ac  — 4b2  ) 
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Let  us  replace  these  symbols  by  those  on  the  RHS  of  the  identification 
equations  on  page  220.  Thus: 

2 

det  | A | = w^[7^(aw^-p)-2u2(  mr  + p )2  ]2  (au2  -p) 
[ (aw2  -p)  c - 4b2  «2  ] = 0 

This  is  the  characteristic  or  secular  equation  for  in-plane  normal 
mode  oscillations. 
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Appendix  E cos4>.  and  sin$j 


(e'+*i)2  i r j 

cos = cos uQt  [ i — " 1 :: + . . . ] — sinu>0t  [ 0 + + ...J 


cos  *2  = 


cos®2  = 


- sin  u)Qt  [l  - — + . . . ] - cos  wQt  [ 4 + <>2  • • • ] 

(0  + <>3  )2  1 . r / 

— cos  u)Qt  [1 — — + . . . J + sin  u)Qt  10+4S  + ... 


r (*'+*4)2  i r 7 

cos  $ = sin  w it  [ 1 — + . . . J + cos  to  t l 0 + + # • • 

4 0 2 u 


4 

v 

i=l 


1’  cos  $£  = ( 4>3  - ^i)  sin  wQt  + ( ) cos  0Jot  + 

J [ <*32  - **  + 20'(  <fr3  - ' ] cos  u>Qt  + 

J [ - i42  + 2Q'(  *2  - *4)  ] sinu,ot  + O (♦-3) 

(tf  + $j)2  , 

sin  $ = sin  u t[  1 ~ — — +...]  + cos  u t [ 0 + + . . . J 

4 O w O 

<e'+  <* 2 )2  , f 

sin  $2  = cos  wQt  ( i - ^ + • * • J - sin  «*>  t [ 0 + ^ *■  . . . ] 

(e'+  43)2 

sin  $_  = - sin  u t [ i - — 5 — + ••»]-  cos  ut[0  + i + ...] 
3 o **  o j 

(0'4  $4)2  t 

sin  $•  = — cos  wQt  { 1 - 2~~~”  * • * * 3 * si°  ® + * • * ) 


i=  1 


sin ■§.  - ^ ♦j  - 43  i cos  uQt  4 ( $4  - #2  ) si»w0t  * 

7 £ <*3"  - ♦j0  + 2 C 43  - $*)  i sin«ot  + 

2 [ *4^  - *j2  + 2 e'{  <>4  - *2  ) 1 cos  <V  + 0 ( ♦j3  ) 
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Appendix  F 


To  find  the  inverse  matrix  [B]  * for  inplane 
orthogonal  transformation. 
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Inverse  Orthonormal  Matrix  f B 1 for  the  Case  of 
Unequal  Length  Boom  Pairs  with  Translation 
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